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Zh h{soruh wkh zhoiduh frqvhtxhqfhv ri glhuhqw wd{dwlrq vfkhphv lq dq hfrqrp| zkhuh
djhqwv duh ghew0frqvwudlqhg1 Li djhqwv ghidxow rq wkhlu ghew/ wkh| duh edqqhg iurp ixwxuh
fuhglw pdunhwv/ exw uhwdlq wkhlu sulydwh hqgrzphqwv zklfk duh vxemhfw wr lqfrph wd{dwlrq1
D fkdqjh lq wkh wd{ v|vwhp fkdqjhv wkh vhyhulw| ri sxqlvkphqw iurp ghidxow dqg/ khqfh/
ohdgv wr d olplwdwlrq ri srvvleoh ulvn vkdulqj yld sulydwh frqwudfwv1 Wkh zhoiduh frqvhtxhqfhv
ri d fkdqjh lq wkh wd{ v|vwhp ghshqg rq wkh uhodwlyh pdjqlwxghv ri lqfuhdvhg ulvn vkdulqj
irufhg e| wkh qhz wd{ v|vwhp dqg wkh uhgxfhg ulvn vkdulqj lq sulydwh lqvxudqfh pdunhwv1 Zh
txdqwlwdwlyho| dgguhvv wklv lvvxh e| fdoleudwlqj dq duwlfldo hfrqrp| wr XV lqfrph dqg wd{
gdwd1 Zh vkrz wkdw iru d sodxvleoh vhohfwlrq ri wkh vwuxfwxudo sdudphwhuv ri rxu prgho/ wkh
fkdqjh wr d pruh uhglvwulexwlyh wd{ v|vwhp ohdgv wr ohvv ulvn vkdulqj dprqj lqglylgxdov dqg
orzhu h{0dqwh zhoiduh1
￿Zh zrxog olnh wr wkdqn Dqguhz Dwnhvrq/ Y1Y1 Fkdul/ Kdo Froh/ Sdwulfn Nhkrh/ Wlp Nhkrh/ Qdud|dqd Nrfkhu0
odnrwd/ Hgzdug Suhvfrww dqg vhplqdu sduwlflsdqwv dw wkh Plqqhdsrolv dqg Ulfkprqg IHG/ VHG Phhwlqjv lq
Sklodghoskld/ EX/ Fklfdjr/ HFDUH/ Qruwkzhvwhuq/ Q\X/ Srpshx Ideud/ Urfkhvwhu/ Who Dyly/ XFO/ XFOD/
XShqq/ Zkduwrq dqg Zlvfrqvlq iru khosixo frpphqwv dqg vxjjhvwlrqv1 Erwk dxwkruv dfnqrzohgjh qdqfldo
vxssruw iurp wkh Doiuhg S1 Vordq Irxqgdwlrq wkurxjk d grfwrudo glvvhuwdwlrq ihoorzvkls1 Doo uhpdlqlqj huuruv
duh rxu rzq1 Wkh ylhzv h{suhvvhg khuhlq duh wkrvh ri wkh dxwkruv dqg qrw qhfhvvdulo| wkrvh ri wkh Ihghudo
Uhvhuyh Edqn ri Plqqhdsrolv ru wkh Ihghudo Uhvhuyh V|vwhp141 Lqwurgxfwlrq
D orqj vwdqglqj glvfxvvlrq lq pdfurhfrqrplfv dqg sxeolf qdqfh hyroyhv durxqg wkh
ghvludelolw| ri uhglvwulexwlyh lqfrph wd{hv dv d ulvn vkdulqj ghylfh djdlqvw lglrv|qfudwlf lqfrph
xqfhuwdlqw|14 Wkh lqvljkwv wkdw hfrqrplf wkhru| surylghv ghshqg rq wkh dvvxpswlrqv derxw
wkh vwuxfwxuh ri sulydwh lqvxudqfh pdunhwv1 Rq rqh kdqg/ li wkhvh pdunhwv duh frpsohwh/ lq wkh
vhqvh wkdw djhqwv fdq lqvxuh djdlqvw dq| frqwlqjhqf| dqg wkxv dfklhyh shuihfw ulvn vkdulqj/
wkhq uhglvwulexwlyh lqfrph wd{hv surylgh qr dgglwlrqdo lqvxudqfh1 Rq wkh rwkhu kdqg/ li
sulydwh lqvxudqfh pdunhwv duh qrqh{lvwhqw ru lqfrpsohwh/ uhglvwulexwlyh wd{hv pljkw surylgh
dgglwlrqdo lqvxudqfh qrw dydlodeoh rwkhuzlvh dqg wkhuhiruh lqfuhdvh h{0dqwh zhoiduh1
Uhfhqw hpslulfdo vwxglhv +vhh Kd|dvkl hw do1 +4<<9,/ Dwwdqdvlr dqg Gdylv +4<<9, ,
kdyh vhulrxvo| fkdoohqjhg wkh frpsohwh pdunhwv dvvxpswlrq prvwo| rq wkh jurxqg wkdw ulvn
vkdulqj dprqj lqglylgxdov lv qrw shuihfw51 Dv Kd|dvkl hw do1 frqfoxgh= Rxu uhvxow wkhuh lv
qr ixoo lqvxudqfh hyhq dprqj uhodwhg krxvhkrogv vkrxog vhuyh dv d qdo eorz wr wkh frpsohwh
pdunhwv sdudgljp1 Dwwhpswlqj wr uhfrqfloh wkh wkhru| zlwk wkh hpslulfdo revhuydwlrq ri
lqfrpsohwh ulvn vkdulqj/ wkhuh lv d odujh erg| ri olwhudwxuh wkdw lqwurgxfhv vrph irup ri
pdunhw lqfrpsohwhqhvv lqwr wkh hfrqrplf hqylurqphqw1 Rqh iudfwlrq ri wklv olwhudwxuh +vhh
Ehzoh| +4<;9,/ Nlpedoo dqg Pdqnlz +4<;<,/ Kxjjhww +4<<6,/ Dl|djdul +4<<7,/ dprqj rwkhuv,
h{rjhqrxvo| dvvxphv wkdw vrph lqvxudqfh pdunhwv duh qrqh{lvwhqw +xvxdoo| lw lv dvvxphg
wkdw djhqwv fdq rqo| vhoi0lqvxuh wkurxjk d vlqjoh xqfrqwlqjhqw erqg dqg wkh| duh eruurzlqj
frqvwudlqhg,1 Dqrwkhu iudfwlrq ghulyhv pdunhw lqfrpsohwhqhvv iurp lqirupdwlrqdo iulfwlrqv
xqghuo|lqj wkh skhqrphqd ri dgyhuvh vhohfwlrq dqg prudo kd}dug +vhh Froh dqg Nrfkhuodnrwd
+4<<;, dqg wkhlu uhylhz ri wklv h{whqvlyh olwhudwxuh,1
Erwk dssurdfkhv gr qrw h{solflwo| fdswxuh zkdw zh eholhyh lv d fuxfldo dvshfw ri uhglv0
wulexwlyh wd{dwlrq dv d ulvn vkdulqj ghylfh= wkh idfw wkdw d sduwlfxodu wd{ uhjlph lv lq sodfh
pljkw dhfw wkh lqfhqwlyhv sulydwh djhqwv kdyh wr hqwhu lqwr sulydwh lqvxudqfh frqwudfwv dqg
wkxv wkh irup dqg h{whqw ri pdunhw lqfrpsohwhqhvv1 Lw lv reylrxv wkdw wkh uvw dssurdfk
4Vhh Yduldq +4<;3, dqg klv uhylhz ri wkh uhodwhg olwhudwxuh1 Wkh lqvxudqfh hhfw ri uhglvwulexwlyh lqfrph
wd{hv pd| dovr lqydolgdwh wkh Ulfdugldq Htxlydohqfh wkhruhp/ vhh Fkdq +4<;6,/ Eduvn| hw do1 +4<;9, dqg
Nlpedoo dqg Pdqnlz +4<;<,1
5Dv uvw kljkoljkwhg e| Phkud dqg Suhvfrww +4<;8,/ dqrwkhu hpslulfdo glphqvlrq dorqj zklfk wkh frpsohwh
pdunhwv prgho grhv qrw shuirup zhoo lv wkh h{sodqdwlrq ri wkh pdlq vw|ol}hg idfwv uhjduglqj dvvhw sulfhv1lv vlohqw derxw wklv frqqhfwlrq vlqfh pdunhw lqfrpsohwhqhvv lv qrw ghulyhg iurp xqghuo|lqj
sulplwlyhv exw udwkhu h{rjhqrxvo| dvvxphg1 Lq wkh vhfrqg dssurdfk vfdo srolf| fdq dhfw
wkh ghjuhh ri pdunhw lqfrpsohwhqhvv/ exw rqo| xqghu wkh dvvxpswlrq ri lqirupdwlrqdo dv|p0
phwu| ehwzhhq wkh jryhuqphqw dqg sulydwh djhqwv1 Krzhyhu/ hyhu| srolf| wkdw ohdgv wr wkh
vdph uhyhodwlrq ri lqirupdwlrq wr sulydwh djhqwv kdv wkh vdph hhfw rq wkh ghjuhh ri pdunhw
lqfrpsohwhqhvv1 Lq wklv vhqvh wklv dssurdfk grhv qrw surylgh d qdwxudo olqn ehwzhhq pdunhw
lqfrpsohwhqhvv dqg uhglvwulexwlyh lqfrph wd{dwlrq lq sduwlfxodu1 Dovr/ uhfhqw hpslulfdo zrun
e| Dwwdqdvlr dqg Gdylv +4<<9, vhhpv wr lqglfdwh wkdw hylghqfh djdlqvw wkh frqvxpswlrq
lqvxudqfh k|srwkhvlv lqyroyhv sxeolfo| revhuyhg vkrfnv/ khqfh fdqqrw eh udwlrqdol}hg dv d
frqvhtxhqfh ri xqrevhuyhg vkrfnv lq hqylurqphqwv zlwk lqirupdwlrqdoo| frqvwudlqhg lqvxu0
dqfh +s1 458<,1
Zh wkhuhiruh h{soruh dq dowhuqdwlyh zd| ri ghulylqj hqgrjhqrxv pdunhw lqfrpsohwhqhvv
wkdw uholhv rq olplwhg hqirufhdelolw| ri sulydwh frqwudfwv1 Zh iroorz wkh dssurdfk ri Nhkrh dqg
Ohylqh +4<<6/ 4<<;, dqg dvvxph wkdw sulydwh frqwudfwv fdq eh hqirufhg rqo| e| wkh wkuhdw
ri h{foxvlrq iurp ixwxuh fuhglw pdunhwv1 Wd{ oldelolwlhv/ krzhyhu/ duh qrw vxemhfw wr wklv
hqirufhphqw sureohp dv zh dvvxph wkdw wkh shqdow| iru ghidxowlqj rq wd{ sd|phqwv fdq eh
pdgh surklelwlyho| odujh e| wkh jryhuqphqw1 Li djhqwv ghidxow rq wkhlu sulydwh ghew/ wkh| duh
edqqhg iurp ixwxuh lqwhuwhpsrudo wudgh/ exw uhwdlq wkhlu sulydwh +oderu, hqgrzphqwv zklfk
duh vwloo vxemhfw wr lqfrph wd{dwlrq1 Zh lpsrvh lqglylgxdo udwlrqdolw| frqvwudlqwv rq djhqwv
jxdudqwhhlqj qr ghidxow lq htxloleulxp dqg zh vroyh iru wkh h!flhqw frqvxpswlrq glvwulexwlrq
dfurvv djhqwv1 D fkdqjh lq wkh wd{ v|vwhp fkdqjhv wkh vhyhulw| ri sxqlvkphqw iurp ghidxow e|
dowhulqj wkh xwlolw| dq djhqw fdq dwwdlq zlwkrxw dffhvv wr fuhglw pdunhwv1 Zh ghprqvwudwh wkdw
d fkdqjh wr d pruh uhglvwulexwlyh wd{ v|vwhp ohdgv wr d uhvwulfwlrq ri wkh vhw ri frqwudfwv wkdw
duh lqglylgxdoo| udwlrqdo1 Lq dq hfrqrp| wkdw lv fkdudfwhul}hg e| xqfhuwdlqw| zlwk uhvshfw
wr lqglylgxdo hqgrzphqwv/ wklv uhvwulfwlrq ohdgv wr d olplwdwlrq ri srvvleoh ulvn vkdulqj yld
sulydwh frqwudfwv1 Wkh zhoiduh frqvhtxhqfhv ri d fkdqjh lq wkh wd{ v|vwhp ghshqg rq wkh
uhodwlyh pdjqlwxghv ri lqfuhdvhg ulvn vkdulqj irufhg e| wkh qhz wd{ v|vwhp dqg wkh uhgxfhg
ulvn vkdulqj lq sulydwh lqvxudqfh pdunhwv1 Zh txdqwlwdwlyho| dgguhvv wklv lvvxh e| ghvljqlqj
dq duwlfldo hfrqrp| fdoleudwhg wr XV lqfrph dqg wd{ gdwd1 Zh qg wkdw iru d uhdvrqdeoh
vhohfwlrq ri wkh vwuxfwxudo sdudphwhuv ri rxu prgho/ wkh fkdqjh wr d pruh uhglvwulexwlyh wd{
5v|vwhp ohdgv wr ohvv ulvn vkdulqj dprqj lqglylgxdov dqg/ khqfh/ orzhu h{0dqwh zhoiduh1
Rwkhu dxwkruv kdyh vwxglhg hfrqrplhv zlwk ghew frqvwudlqwv wr dqdo|}h d ydulhw| ri
lvvxhv +Vhh Nrfkhuodnrwd +4<<9, dqg Doyduh} dqg Mhupdqq +4<<;d/e, dprqj rwkhuv,1 Wkhvh
dxwkruv frqvlghu hfrqrplhv zlwk wzr +w|shv ri, djhqwv lq zklfk khwhurjhqhlw| lv vrphkrz
olplwhg1 Wkh pdlq phwkrgrorjlfdo frqwulexwlrq ri wklv zrun lv wkh dqdo|vlv ri d ghew frq0
vwudlqhg hfrqrp| zlwk d frqwlqxxp ri djhqwv idflqj lglrv|qfudwlf xqfhuwdlqw|1 Wkhuhiruh d
vwhdg| vwdwh ri rxu hfrqrp| lv fkdudfwhul}hg e| d qrq0ghjhqhudwh frqvxpswlrq glvwulexwlrq1
Zh eholhyh wkdw wklv ihdwxuh ri wkh prgho lv qhfhvvdu| wr dqdo|}h lvvxhv ri lqfrph glvwulexwlrq
dqg ulvn vkdulqj lq d txdqwlwdwlyho| phdqlqjixo zd|/ hvshfldoo| dv wkh txdqwlwdwlyh lpsolfd0
wlrqv iru wkh hfrqrp| zlwk d frqwlqxxp ri djhqwv wxuq rxw wr eh txlwh glhuhqw iurp wkh
hfrqrp| zlwk rqo| wzr djhqwv1 Exw lw lv dovr wklv ihdwxuh ri wkh prgho wkdw ohdgv wr frqvlghu0
deoh wkhruhwlfdo dqg frpsxwdwlrqdo frpsolfdwlrqv lq vroylqj wkh prgho1 Wr wklv hqg zh gudz
khdylo| rq wkh zrun ri Dwnhvrq dqg Oxfdv +4<<5/ 4<<8, zkr vwxg| h!flhqw doorfdwlrqv lq dq
hfrqrp| zlwk d frqwlqxxp ri djhqwv dqg sulydwh lqirupdwlrq1 Zh zloo ghvfuleh wkhlu gxdo
dssurdfk wr fkdudfwhul}h h!flhqw doorfdwlrqv lq pruh ghwdlo lq wkh qh{w vhfwlrq1
Wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5 zh od| rxw wkh prgho hqylurqphqw1 Lq
vhfwlrq 6 zh ghqh dq h!flhqw doorfdwlrq zlwk ghew frqvwudlqwv dqg zh vkrz krz wr pdnh wkh
sureohp ri vroylqj iru h!flhqw doorfdwlrqv uhfxuvlyh1 Zh wkhq suryh wkh h{lvwhqfh ri d vwdwlrq0
du| vroxwlrq wr wkh uhfxuvlyh sureohp1 Vhfwlrq 7 frqwdlqv d glvfxvvlrq ri wkh sdudphwhul}dwlrq
zh fkrvh iru rxu txdqwlwdwlyh h{huflvhv1 Lq vhfwlrq 8 zh suhvhqw rxu txdqwlwdwlyh uhvxowv dqg
lq vhfwlrq 9 zh frpsduh rxu uhvxowv zlwk wkrvh iurp d prgho zlwk h{rjhqrxv lqfrpsohwh pdu0
nhwv1 Vhfwlrq : frqfoxghv dqg jxuhv/ surriv dqg ghwdlov derxw wkh frpsxwdwlrqdo surfhgxuh
duh frqwdlqhg lq wkh dsshqgl{1
51 Wkh Hqylurqphqw
D1 Frqvxphuv
Wkhuh lv d frqwlqxxp ri frqvxphuv ri phdvxuh 1 Wkh frqvxphuv kdyh suhihuhqfhv ryhu











6Wkh shulrg xwlolw| ixqfwlrq  G ?n $ ( ?lv dvvxphg wr eh vwulfwo| lqfuhdvlqj/ vwulfwo|
frqfdyh/ wzlfh glhuhqwldeoh dqg vdwlvhv wkh Lqdgd frqglwlrqv1 Lwv lqyhuvh lv ghqrwhg e|
 G ( $? n Khqfh E lv wkh dprxqw ri wkh frqvxpswlrq jrrg qhfhvvdu| wr |lhog shulrg
xwlolw|  Ohw 7 ( @ vxs+(c zkhuh lw lv xqghuvwrrg wkdw 7 ( frxog eh lqqlw|1 Dq lqglylgxdo kdv
d vwrfkdvwlf hqgrzphqw surfhvv e 5 .c d qlwh vhw zlwk fduglqdolw| / wkdw iroorzv d Pdunry
surfhvv zlwk wudqvlwlrq suredelolwlhv ZEe￿me Iru hdfk frqvxphu wkh wudqvlwlrq suredelolwlhv
duh dvvxphg wr eh wkh vdph1 Zh dvvxph d odz ri odujh qxpehuv/ vr wkdw wkh iudfwlrq ri
djhqwv idflqj vkrfn e￿ wrpruurz zlwk vkrfn e wrgd| lq wkh srsxodwlrq lv htxdo wr ZEe￿me
Zh dvvxph wkdw ZEe￿me kdv d xqltxh lqyduldqw phdvxuh E Zh ghqrwh e| e| wkh fxuuhqw
shulrg hqgrzphqw dqg e| e| 'E efcce| wkh klvwru| ri uhdol}dwlrqv ri hqgrzphqw vkrfnv>
dovr ZEe|mef'ZEe|me|3￿ZEe￿mef1 Zh xvh wkh qrwdwlrq erme| wr phdq wkdw er lv d srvvleoh
frqwlqxdwlrq ri hqgrzphqw vkrfn uhdol}dwlrq e| Zh dovr dvvxph wkdw dw gdwh f +dqg khqfh dw
hyhu| gdwh,/ wkh phdvxuh ryhu fxuuhqw hqgrzphqw lv jlyhq e| Ec vr djjuhjdwh hqgrzphqw lv
frqvwdqw ryhu wlph1 Dw gdwh f djhqwv duh glvwlqjxlvkhg e| wkhlu lqlwldo dvvhw kroglqjv/ @fc dqg
e| wkh wkhlu lqlwldo vkrfn ef1O h wxf eh wkh mrlqw phdvxuh ri lqlwldo dvvhwv dqg vkrfnv1 Prvw
ri wkh wkhruhwlfdo uhvxowv suhvhqwhg khuh ghshqg rq wkh dvvxpswlrq wkdw hqgrzphqw vkrfnv
duh xqfruuhodwhg dfurvv wlph iru hdfk djhqw1 Lq rxu qxphulfdo h{huflvhv zh zloo uhod{ wklv
dvvxpswlrq/ dowkrxjk vrph wkhruhwlfdo uhvxowv fdqqrw eh suryhg iru wkh pruh jhqhudo fdvh lq
zklfk lqglylgxdo hqgrzphqw surfhvvhv duh Pdunry ryhu wlph1
E1 Jryhuqphqw
Wkh jryhuqphqw xvhv wd{hv wr qdqfh d frqvwdqw dprxqw ri sxeolf vshqglqj } lq hyhu|
shulrg wkdw |lhogv qr xwlolw| wr frqvxphuv1 Wkh jryhuqphqw vshflhv d wd{ srolf| Ee| wkdw
lv frqvwdqw ryhu wlph1 Zh wdnh wkh jryhuqphqw srolflhv }cE dv h{rjhqrxvo| jlyhq1 Iru dq
lqglylgxdo zh ohw +| ' e|E  Ee| eh wkh diwhu0wd{ lqfrph1 Vlqfh wkh ixqfwlrq E grhv
qrw ghshqg rq wlph/ iru d jlyhq E wkhuh lv d rqh wr rqh pdsslqj ehwzhhq suh0wd{ dqg
diwhu0wd{ hqgrzphqwv1 Vr iurp qrz rq zh ohw + 5 t / d qlwh vhw zlwk fduglqdolw| / ghqrwh
dq lqglylgxdo*v jhqhulf diwhu0wd{ hqgrzphqw/ iroorzlqj wkh Pdunry surfhvv Z zlwk lqyduldqw
glvwulexwlrq  dqg ghqrwh e| +| 'E +fc+ | d klvwru| ri diwhu0wd{ hqgrzphqw vkrfnv1 Zh




Zlwk wklv dvvxpswlrq uhvrxufh ihdvlelolw| +dv ghqhg ehorz, iru wklv hfrqrp| vlpso| vwdwhv
wkdw wkh vxp ri doo djhqwv* frqvxpswlrq kdv wr eh ohvv ru htxdo wkdq wkh vxp ryhu doo lqglylgx0
dov* diwhu0wd{ hqgrzphqw1 Wkhuhiruh/ rqfh }cE duh {hg dqg khqfh wkh diwhu0wd{ hqgrzphqw
surfhvv lv vshflhg/ zh fdq fduu| rxw wkh vxevhtxhqw dqdo|vlv zlwkrxw h{solflw frqvlghudwlrq
ri wkh jryhuqphqw1
F1 Frqwlqxlqj Sduwlflsdwlrq Frqvwudlqwv
Frqvxphuv fdq wudgh d ixoo vhw ri vwdwh0frqwlqjhqw frpprglwlhv16 D frqvxpswlrq
doorfdwlrq iSE@fc+|j vshflhv krz pxfk dq djhqw ri w|sh E@fc+ f frqvxphv zkr h{shulhqfhg
d klvwru| ri hqgrzphqw vkrfnv +qhw ri wd{hv, +|1 Lqglylgxdov/ dw dq| srlqw lq wlph/ kdyh wkh
rswlrq wr uhqhjh rq h{lvwlqj frqwudfwv1 Wkh rqo| sxqlvkphqw iru grlqj vr/ dqg khqfh wkh rqo|
hqirufhphqw phfkdqlvp iru frqwudfwv/ lv wkdw djhqwv wkdw fkrrvh wr ghidxow rq wkhlu frqwudfwv
duh edqqhg iurp ixwxuh fuhglw pdunhwv exw duh doorzhg wr vhoi0lqvxuh e| vdylqj dw dq lqwhuhvw

























￿  f zlwk @|E+
|3￿'fjlyhq
Jlyhq wkh Pdunry vwuxfwxuh ri wkh hqgrzphqw surfhvv lw lv fohdu wkdw L￿￿|
| E+|(o'L￿￿|E+|(o
Vwdqgdug g|qdplf surjudpplqj whfkqltxhv fdq eh xvhg wr vkrz wkdw iru no	￿
qcL￿￿|E+|(o'
LEfc+ |c zkhuh L lv wkh vroxwlrq wr wkh ixqfwlrqdo htxdwlrq +iru ghwdlov vhh Kxjjhww +4<<6,/
6Wudgh rffxuv zlwk qdqfldo lqwhuphgldulhv1 Vhh wkh ghfhqwudol}dwlrq vhfwlrq iru ghwdlov1
8wkhruhp 4,











￿ ' + nE no@
Lw lv reylrxv wkdw L￿￿|
| E+|(o lv vwulfwo| lqfuhdvlqj lq +| +dv orqj dv wkh lqfrph vkrfnv duh
xqfruuhodwhg ru srvlwlyho| fruuhodwhg ryhu wlph,1 Dq lpsruwdqw idfw lv wkdw L￿￿|
| E+|(o lv
frqwlqxrxv dqg vwulfwo| lqfuhdvlqj lq o Wklv lv gxh wr wkh idfw wkdw wkh frqvwudlqw vhw lq wkh
ixqfwlrqdo htxdwlrq lv frqwlqxrxv dqg vwulfwo| lqfuhdvlqj lq oc vlqfh @  f
Lqglylgxdov kdyh qr lqfhqwlyh wr ghidxow/ dw dq| srlqw lq wlph dqg dq| frqwlqjhqf|/ li























Vlqfh wkhuh lv qr sulydwh lqirupdwlrq dqg pdunhwv duh frpsohwh/ ghidxow zloo qrw kdsshq lq
htxloleulxp dv qrerg| zrxog rhu d frqwudfw zlwk dq lqglylgxdo iru d frqwlqjhqf| dw zklfk
wklv lqglylgxdo zrxog odwhu ghidxow zlwk fhuwdlqw|1
Qrwlfh wkdw rxu vshflfdwlrq ri wkh ghew frqvwudlqw lv pruh jhqhudo wkdq wkh rqh
lqwurgxfhg e| Nhkrh dqg Ohylqh+4<<6, lq zklfk djhqwv zkr ghidxow duh qrw doorzhg wr vdyh1

















Lq wkh qh{w vhfwlrqv/ zkhqhyhu wkhuh lv qr gdqjhu ri dpeljxlw|/ zh rplw wkh ghshq0
ghqfh ri L￿￿|
| rq o Zh qrz uvw glvfxvv krz wr frpsxwh h!flhqw doorfdwlrqv/ wkhq krz wr
ghfhqwudol}h wkhp1
961 Fkdudfwhul}dwlrq ri H!flhqw Doorfdwlrqv
Lq rughu wr fkdudfwhul}h h!flhqw doorfdwlrqv +iru jlyhq srolflhv }cE, zh surfhhg lq
irxu vwhsv= zh uvw ghqh zkdw zh phdq e| dq h!flhqw doorfdwlrq1 Zh jr rq wr vkrz wkdw rqh
fdq qg h!flhqw doorfdwlrqv e| vroylqj d qxpehu ri dssursuldwh vrfldo sodqqhu sureohpv1 Zh
wkhq vkrz wkdw vroylqj wkh vrfldo sodqqhu sureohpv lv htxlydohqw wr vroylqj d vshflf ixqfwlrqdo
htxdwlrq dqg qdoo| zh glvfxvv krz wr vroyh wkh ixqfwlrqdo htxdwlrq1 Wklv glvfxvvlrq xvhv
lghdv dqg uhvxowv ghyhorshg e| Dwnhvrq dqg Oxfdv +4<<5/ 4<<8, h{whqvlyho|1 Surriv/ krzhyhu/
pljkw glhu vxevwdqwldoo| vlqfh wkhvh dxwkruv dqdo|}h d sulydwh lqirupdwlrq hfrqrp|/ dqg duh
wkhuhiruh lqfoxghg lq wkh dsshqgl{ hyhq zkhq wkh surri vwudwhj| uhvhpeohv wkhluv forvho|1
D1 Ghqlwlrq ri H!flhqw Doorfdwlrqv
Wkh nh| lqvljkw ri Dwnhvrq dqg Oxfdv lv wr dqdo|}h wkh sureohp ri qglqj h!flhqw door0
fdwlrq lq whupv ri vwdwh frqwlqjhqw xwlolw| surplvhv udwkhu wkdq vwdwh frqwlqjhqw frqvxpswlrq1
Vlqfh wkh frqwlqxlqj sduwlflsdwlrq frqvwudlqwv duh lq xwlolw| vsdfh wklv dssurdfk lv sduwlfxoduo|
xvhixo iru rxu sureohp1 Lqvwhdg ri ehlqj lqgh{hg e| lqlwldo dvvhwv dqg hqgrzphqw vkrfn/ qrz
lqglylgxdov duh lqgh{hg e| lqlwldo hqwlwohphqwv wr h{shfwhg glvfrxqwhg xwlolw| dw shulrg fc f
dqg lqlwldo hqgrzphqw vkrfnv/ +f Ohw xf eh wkh shulrg f mrlqw phdvxuh ryhu Efc+ f Dq
doorfdwlrq lv wkhq d vhtxhqfh i|Efc+ |j"
|’f wkdw pdsv lqlwldo hqwlwohphqwv f dqg vhtxhqfhv
ri vkrfnv +| lqwr ohyhov ri fxuuhqw xwlolw|7 lq shulrg | Khuh |Efc+ | lv wkh fxuuhqw shulrg
xwlolw| wkdw dq djhqw ri w|sh Efc+ f uhfhlyhv li vkh h{shulhqfhg d klvwru| ri hqgrzphqw vkrfnv
+| Qrwh wkdw SE@fc+ |'E|Efc+ | iru dq djhqw zkrvh xwlolw| hqwlwohphqw f fruuhvsrqgv
wr lqlwldo dvvhw kroglqjv @fc zkhuh  lv wkh lqyhuvh ri wkh shulrg xwlolw| ixqfwlrq dv ghqhg
lq Vhfwlrq 51 Zh zloo qrz ghqh wkh frqfhswv ri frqvwudlqhg ihdvlelolw| dqg h!flhqf| lq wklv
hqylurqphqw1

















7Wkh uhodwlrq ehwzhhq kw dqg wkh shulrg xwlolw| ghulyhg iurp frqvxplqj fw lv jlyhq e| kw+z3>| w,@
x+f+d3>|w,,=
:Htxdwlrq 7 ghqhv wkh frqwlqxdwlrq xwlolw| iurp dq doorfdwlrq  ri djhqw ri w|sh Efc+ f iurp
gdwh | dqg vkrfn klvwru| +| rqzdugv1
Ghilqlwlrq 41 Dq doorfdwlrq i|Efc+|j"
|’f lv frqvwudlqhg ihdvleoh zlwk uhvshfw wr d mrlqw glv0
wulexwlrq ryhu xwlolw| hqwlwohphqwv dqg lqlwldo hqgrzphqwv/ xfc li iru hdfk Efc+ f 5vxssExf



















|m+f_xf  f ;| +;,
Zh fdoo htxdwlrq +8, wkh surplvh nhhslqj frqvwudlqw= wkh doorfdwlrq gholyhuv xwlolw| f wr
djhqwv hqwlwohg wr f Htxdwlrqv +9, duh wkh frqwlqxlqj sduwlflsdwlrq frqvwudlqwv/ mxvw srvhg
lq xwlolw| vsdfh18 Htxdwlrq +:, lv d erxqghgqhvv frqglwlrq wkdw dvvxuhv wkdw frqwlqxdwlrq
xwlolw| jrhv wr }hur lq wkh wlph olplw1 Ilqdoo| htxdwlrq +;, lv wkh uhvrxufh ihdvlelolw| frqglwlrq/
uhtxlulqj djjuhjdwh frqvxpswlrq lq hyhu| shulrg wr eh ohvv ru htxdo wkdq djjuhjdwh hqgrzphqw
lq wkdw shulrg1 Qrz zh fdq ghqh wkh frqfhsw ri h!flhqf| lq wklv hqylurqphqw/ gxh wr Dwnhvrq
dqg Oxfdv +4<<8,1
Ghilqlwlrq 51 Dq doorfdwlrq i|Efc+|j"
|’f lv h!flhqw zlwk uhvshfw wr xf li
 Lw lv frqvwudlqhg ihdvleoh zlwk uhvshfw wr xf1
 Wkhuh grhv qrw h{lvw dqrwkhu doorfdwlrq i	 |Efc+|j"
|’f wkdw lv frqvwudlqhg0ihdvleoh zlwk








grhv qrw shuplw d frqvwudlqw ihdvleoh doorfdwlrq dv surplvh nhhslqj dqg ghew frqvwudlqwv duh pxwxdoo| h{foxvlyh
lq wklv fdvh1 L uhvwulfw dwwhqwlrq wr 3 zlwk wkh surshuw| wkdw rqo| lqlwldo xwlolw| hqwlwohphqwv dw ohdvw dv elj
dv wkh xwlow| iurp dxwdun| kdyh srvlwlyh pdvv1












|m+f_xf iru vrph | +<,
Wkh ghqlwlrq edvlfdoo| vd|v wkdw d xwlolw| doorfdwlrq lv h!flhqw li lw dwwdlqv wkh xwlolw|
surplvhv pdgh e| xf lq dq lqglylgxdoo| udwlrqdo dqg uhvrxufh ihdvleoh zd| dqg wkhuh lv qr
rwkhu doorfdwlrq wkdw grhv vr zlwk ohvv uhvrxufhv1
E1 D Frpsrqhqw Vrfldo Sodqqhu*v Sureohp E
Lv wkhuh dq rshudwlrqdo zd| wr vroyh iru h!flhqw doorfdwlrqvB Frqvlghu qrz wkh sureohp
ri d vrfldo sodqqhu idfhg zlwk d vhtxhqfh ri lqwhuwhpsrudo vkdgrz sulfhv i-|j"
|’f wr plqlpl}h
wkh ydoxh ri uhvrxufhv qhhghg wr gholyhu h{shfwhg glvfrxqwhg xwlolw| ri f wr dq lqglylgxdo
zlwk lqlwldo hqgrzphqw jlyhq e| +f1 Wkh sodqqhu fkrrvhv i|Efc+ |j"

























vxemhfw wr +8,/ +9,/ dqg +:, Rqh rewdlqv wkh iroorzlqj
Wkhruhp 41 +Dwnhvrq dqg Oxfdv +4<<8,, Li wkhuh h{lvw doorfdwlrqv i|Efc+ |j/ vkdgrz
sulfhv i-|j dqg glvwulexwlrq xf vxfk wkdw=
41 Jlyhq i-|j"
|’f / iru hdfk Efc+ f 5vxssExfc i|Efc+ |j vroyhv 



















wkhq wkh doorfdwlrq lv h!flhqw zlwk uhvshfw wr xf1
Surri1 Vhh Dsshqgl{
Wklv wkhruhp jlyhv dq rshudwlrqdo phwkrg iru vroylqj iru h!flhqw doorfdwlrqv1 Jlyhq
d vhw ri vkdgrz sulfhv vdwlvi|lqj 44 rqh kdv wr vroyh d plqlpl}dwlrq sureohp iru doorfdwlrqv
<i|Efc+|j Wkhq rqh kdv wr fkhfn zkhwkhu wkh uhvrxufh frqvwudlqwv duh vdwlvhg/ dqg li qrw/
slfn glhuhqw vkdgrz sulfhv1 Lq rughu wr pdnh  uhfxuvlyh/ krzhyhu/ zh kdyh wr uhvwulfw
rxuvhoyhv wr vwdwlrqdu| doorfdwlrqv1 Ghqh x| wr eh wkh mrlqw phdvxuh ryhu hqgrzphqw vkrfnv
+| dqg frqwlqxdwlrq xwlolwlhv L|Efc+ |c iru d jlyhq doorfdwlrq1 Dq doorfdwlrq lv vwdwlrqdu| li
x| 'x f 'x  Vwdwlrqdulw| dovr vxjjhvwv wkh vhtxhqfh ri vkdgrz sulfhv i-|j wr eh frqvwdqw
dw vrph - Zh zdqw wr qg vxfk -c d fruuhvsrqglqj doorfdwlrq i-
| Efc+|j dqg dq lqlwldo
glvwulexwlrq ryhu xwlolw| hqwlwohphqwv dqg hqgrzphqw vkrfnv / x- wkdw vdwlvhv wkh k|srwkhvlv
ri Wkhruhp 41 dqg lv vwdwlrqdu|1 Rqfh zh uhvwulfw rxuvhoyhv wr wkhvh w|shv ri doorfdwlrqv zh
fdq vroyh iru wkhp uhfxuvlyho|1 Wklv dvvhuwlrq lv ghprqvwudwhg lq wkh qh{w vxevhfwlrqv1
F1 Uhfxuvlyh Irupxodwlrq ri wkh Sureohp
Iru frqvwdqw - 5 Ec ￿
qc frqvlghu wkh iroorzlqj ixqfwlrqdo htxdwlrq E8. sureohp1
Zh zloo vkrz lq Wkhruhp 61 wkdw wkh rswlpdo srolflhv ri wkh ixqfwlrqdo htxdwlrq lqgxfh dq
doorfdwlrq wkdw vroyhv Lqglylgxdo vwdwh yduldeohv duh wkh surplvh wr h{shfwhg glvfrxqwhg
xwlolw| wkdw dq djhqw hqwhuv wkh shulrg zlwk/ c dqg wkh fxuuhqw lqfrph vkrfn +1 Wkh sodqqhu
fkrrvhv krz pxfk fxuuhqw shulrg xwlolw| wr jlyh wr wkh lqglylgxdo/ c dqg krz pxfk wr
surplvh khu iru wkh ixwxuh/ }+￿c frqglwlrqdo rq khu qh{w shulrgv hqgrzphqw uhdol}dwlrq +￿ Wkh
ixqfwlrqdo htxdwlrq dvvrfldwhg zlwk wkh sodqqhu*v sureohp lv=

























￿ 5 t +47,
zkhuh T Ec+ lv wkh uhvrxufh frvw iru wkh sodqqhu wr surylgh dq lqglylgxdo zlwk h{shfwhg xwlo0
lw|  zkhq wkh lqglylgxdo*v hqgrzphqw lv + dqg wkh lqwhuwhpsrudo vkdgrz sulfh ri uhvrxufhv
43iru wkh sodqqhu lv ￿
- Wkh frvw frqvlvwv ri wkh frvw iru xwlolw| gholyhuhg wrgd|/ E  ￿
-Ec
dqg h{shfwhg frvw iurp wrpruurz rq/
S
+￿ ZE+￿m+T E}+￿c+ ￿c glvfrxqwhg wr wrgd|19
Htxdwlrq +46, lv wkh surplvh0nhhslqj frqvwudlqw= dq lqglylgxdo wkdw lv hqwlwohg wr
 lq idfw uhfhlyhv xwlolw|  wkurxjk wkh doorfdwlrq uxohv iEcc} +￿Ecj+￿Mt Wkh frqwlqxlqj
sduwlflsdwlrq frqvwudlqwv lq htxdwlrq +47, vwdwh wkdw wkh vrfldo sodqqhu iru hdfk vwdwh wrpruurz
kdv wr jxdudqwhh lqglylgxdov dq h{shfwhg xwlolw| surplvh dw ohdvw dv kljk dv rewdlqhg zlwk wkh










Zh qrz pdnh wkh iroorzlqj dvvxpswlrqv rq wkh lqglylgxdo hqgrzphqw surfhvv iru wkh
uhvw ri wklv vhfwlrq=
41 ZE+￿m+'ZE+￿ iru hyhu| +￿c+5 t / e hqgrzphqw vkrfnv duh lqghshqghqwo| glvwulexwhg
dfurvv wlph1
51 ZE+ : fc iru doo + 5 t
Uhpdun 41 Wkh idfw wkdw Z lv d vwrfkdvwlf pdwul{ lpsolhv wkdw wkh ixqfwlrqdo htxdwlrq +48,




+Mt1 Dvvxpswlrq 4 lpphgldwho| lpsolhv wkdw li 7 +:+ cwkhq
L￿￿|E7 + :L ￿￿|E+




























44Uhpdun 51 Dvvxpswlrq 4 lpsolhv wkdw rqh fdq zulwh wkh ixqfwlrqdo htxdwlrq dv
























￿ 5 t +4;,
holplqdwlqj wkh ghshqghqfh ri T rq +1
H{lvwhqfh ri rswlpdo doorfdwlrq uxohv iru d jlyhq lqwhuwhpsrudo sulfh -
Zh zloo uvw suryh h{lvwhqfh ri rswlpdo doorfdwlrq uxohv lq d sureohp zlwk dgglwlrqdo
frqvwudlqwv1 Zh zloo wkhq fkdudfwhul}h wkh vroxwlrq ri wklv sureohp dqg zh zloo vkrz wkdw wkh
dgglwlrqdo frqvwudlqwv zloo qrw eh elqglqj vr wkdw wkh vroxwlrq wr wkh sureohp zlwk dgglwlrqdo
frqvwudlqwv lv dovr vroxwlrq wr wkh ruljlqdo sureohp1
Wkh prglhg Ehoopdq htxdwlrq zloo eh ghqhg rq Ec wkdw lv wkh vsdfh ri frqwlqxrxv
dqg erxqghg ixqfwlrqv rq  zkhuh  ' i 5? m     7 j( lv d frpsdfw vxevhw ri ?
dqg  G' 4?+ L￿￿|E+ Frqvlghu wkh rshudwru A- ghqhg dv=
























￿  }+￿  7  ;+
￿ 5 t +54,
Qrwlfh wkdw wkh lqhtxdolwlhv }+￿  7  lq +54, duh zkdw glvwlqjxlvk wklv prglhg sureohp
45iurp wkh ruljlqdo sureohp1 Dovr qrwh wkdw +54, dqg +53, lpso| wkdw iru hyhu|  lq 
E 







 7 E +55,
Wklv lq wxuq lpsolhv wkdw 7  pxvw eh fkrvhq vxfk wkdw E dqg 7 E duh lq ( iru hyhu| 
Zh zloo vkrz ehorz wkdw zh fdq fkrrvh 7  '4 @   + L￿￿|E+n0c iru 0:f duelwudulo| vpdoo1
Wkhq xqghu wkh iroorzlqj dvvxpswlrq 6/ +55, lv dozd|v vdwlvhg1
Dvvxpswlrq 6= Ghqh  '
￿3q 4@ + L￿￿|E+￿





dvvxph wkdw Ec7   (
Qrwh wkdw wklv lv dq dvvxpswlrq sxuho| rq wkh ixqgdphqwdov ri wkh hfrqrp|1 Zlwk
wkh dgglwlrqdo frqvwudlqw zh rewdlq d erxqghg g|qdplf surjudpplqj sureohp1 Zh fdq wkhq
jr rq wr fkdudfwhul}h wkh rshudwru A- dv d frqwudfwlrq pdsslqj/ xvlqj Eodfnzhoo*v vx!flhqw
frqglwlrqv1
Ohppd 41 A- pdsv E lqwr lwvhoi dqg lv d frqwudfwlrq1
Surri1 Vhh Dsshqgl{
Fruroodu| 41 Iru -:c wkh rshudwru A- kdv d xqltxh {hg srlqw T- 5 E +l1h1 T- lv
frqwlqxrxv dqg erxqghg, dqg iru doo f 5 Ec mmA ?
-fT-mm  ￿
-?mmf T-mmc zlwk wkh qrup
ehlqj wkh vxs0qrup1
Fkdudfwhul}dwlrq ri Ydoxh dqg Srolf| Ixqfwlrqv Zh qrz surfhhg wr fkdudfwhul}h wkh
xqltxh {hg srlqw ri A-cT - Wkh {hg srlqw wr wkh ixqfwlrqdo htxdwlrq edvlfdoo| lqkhulwv doo
surshuwlhv ri wkh shulrg frvw ixqfwlrq  lq wkdw lw lv vwulfwo| lqfuhdvlqj dqg kdv lqfuhdvlqj
pdujlqdo frvwv1
Ohppd 51 T- lv vwulfwo| lqfuhdvlqj dqg vwulfwo| frqyh{1
Surri1 Vhh Dsshqgl{
Lq wkh qh{w ohppd zh fkdudfwhul}h wkh surshuwlhv ri wkh rshudwru A- ixuwkhu1 Wklv zloo
eh xvhixo lq ghgxflqj ixuwkhu surshuwlhv ri wkh {hg srlqw T-1
46Ohppd 61 Iru dq| vwulfwo| lqfuhdvlqj dqg vwulfwo| frqyh{ ixqfwlrq T 5 EcA -T lv frqwlq0
xrxv/ vwulfwo| lqfuhdvlqj dqg vwulfwo| frqyh{1 Wkh rswlpdo srolflhv Ec} +￿E duh frqwlqxrxv/
vlqjoh0ydoxhg ixqfwlrqv1
Surri1 Vhh Dsshqgl{
Zh zloo xvh wkh uvw rughu frqglwlrqv khdylo| wr fkdudfwhul}h rswlpdo srolflhv1 Iru
wklv zh uvw kdyh wr hvwdeolvk wkdw wkh ydoxh ixqfwlrq lv glhuhqwldeoh1 Iru dq| frqyh{ dqg
glhuhqwldeoh ixqfwlrq T 5 E dqg {hg  5  wkh uvw rughu frqglwlrqv fkdudfwhul}lqj











￿E}+￿ s }+￿ :L
￿￿|E+
￿ +56,















Zh qrz suryh wkdw zh lq idfw fdq xvh wkhvh frqglwlrqv wr fkdudfwhul}h wkh rswlpdo srolflhv
e| vkrzlqj wkdw wkh vroxwlrq wr wkh ixqfwlrqdo htxdwlrq lv glhuhqwldeoh1
Ohppd 71 Wkh xqltxh {hg srlqw ri A- lv frqwlqxrxvo| glhuhqwldeoh1
Surri1 Vhh Dsshqgl{
Zh qrz wxuq wr wkh fkdudfwhul}dwlrq ri wkh rswlpdo srolflhv1 Iluvw zh fkdudfwhul}h wkh
ehkdylru ri  dqg }+￿ zlwk uhvshfw wr  Lw wxuqv rxw wkdw wkh vrfldo sodqqhu uhdfwv wr d kljkhu
xwlolw| surplvh e| lqfuhdvlqj fxuuhqw dqg h{shfwhg ixwxuh xwlolw|/ l1h11 e| vprrwklqj wkh frvw
dv pxfk dv srvvleoh ryhu wlph dqg dfurvv vwdwhv1 Wkh rqo| frqvwudlqw wkdw suhyhqwv frpsohwh
frvw vprrwklqj ryhu glhuhqw vwdwhv lv wkh frqwlqxlqj sduwlflsdwlrq frqvwudlqw= fhuwdlq djhqwv
kdyh wr eh surplvhg pruh wkdq rwkhuzlvh rswlpdo lq fhuwdlq vwdwhv wr eh suhyhqwhg iurp
uhyhuwlqj wr wkh dxwdunlf doorfdwlrq lq wkdw vwdwh1 Wklv lv h{dfwo| wkh uhdvrq zk| frpsohwh
ulvn vkdulqj pd| qrw eh frqvwudlqhg ihdvleoh lq wklv hqylurqphqw1
47Ohppd 81 Vxssrvh T 5 E lv vwulfwo| frqyh{ dqg glhuhqwldeoh1 Wkhq wkh rswlpdo srolf|
c dvvrfldwhg zlwk wkh plqlpl}dwlrq sureohp lq +4<, lv vwulfwo| lqfuhdvlqj lq 
Surri1 Vhh Dsshqgl{
Ohppd 91 Vxssrvh T 5 E lv vwulfwo| frqyh{ dqg glhuhqwldeoh1 Wkhq wkh rswlpdo srolflhv
}+￿c dvvrfldwhg zlwk wkh plqlpl}dwlrq sureohp lq  duh frqvwdqw lq  dqg htxdo wr L￿￿|E+￿
ru vwulfwo| lqfuhdvlqj lq c iru doo +￿ 5 t
Surri1 Vhh Dsshqgl{
Ohppd :1 Vxssrvh T 5 E lv vwulfwo| frqyh{ dqg glhuhqwldeoh1
Li }+￿E :L ￿￿|E+￿ dqg }7 +￿E :L ￿￿|E7 +￿c wkhq }+￿E'}7 +￿E
Li }+￿E :L ￿￿|E+￿ dqg }7 +￿E'L￿￿|E7 +￿c wkhq }+￿E  }7 +￿E dqg +￿ 	 7 +￿
Surri1 Iroorzv gluhfwo| iurp wkh uvw rughu frqglwlrq
Wkh odvw ohppd vwdwhv wkdw ixwxuh surplvhv duh htxdol}hg dfurvv vwdwhv zkhqhyhu wkh
frqwlqxlqj sduwlflsdwlrq frqvwudlqwv shuplw lw1 Surplvhv duh lqfuhdvhg lq wkrvh vwdwhv lq zklfk
wkh frqvwudlqwv elqg1
Qrz zh vwdwh d uhvxow wkdw lv fhqwudo iru wkh h{lvwhqfh ri dq xsshu erxqg 7  ri xwlolw|
surplvhv1 Iru surplvhv wkdw duh vx!flhqwo| kljk lw lv rswlpdo wr gholyhu prvw ri lw lq whupv
ri fxuuhqw shulrg xwlolw|/ dqg surplvh ohvv iru wkh ixwxuh wkdq wkh fxuuhqw surplvhv1 Wklv/ lq
hhfw/ sxwv dq xsshu erxqg rq rswlpdo surplvhv lq wkh orqj uxq1 Wklv lv wkh frqwhqw ri wkh
pdlq uhvxow lq wklv vhfwlrq/ vwdwhg lq Wkhruhp 51
Ohppd ;1 Ohw i}+￿j+￿Mt eh wkh rswlpdo srolflhv dvvrfldwhg zlwk wkh xqltxh {hg srlqw ri
A-cT - Iru hyhu|  5  dqg hyhu| +￿ 5 tcli }+￿E :L ￿￿|E+￿c wkhq }+￿E 	 Ixuwkhupruh/
iru hdfk +￿c wkhuh h{lvwv d xqltxh +￿ vxfk wkdw }+￿E+￿'+￿ dqg +￿ ' L￿￿|E+￿
Surri1 Vhh Dsshqgl{
Wkhruhp 51 Wkhuh h{lvwv d 7  vxfk wkdw }+￿E 	iru hyhu|   7  dqg hyhu| +￿ 5 t
Surri1 Vhh Dsshqgl{
48Qrwh wkdw wkh suhfhglqj wkhruhp lpsolhv wkdw zkhqhyhu  5 dc 7 oc wkhq iru doo +￿ 5 tc
wkh frqvwudlqw }+￿E  7  lv qhyhu elqglqj dqg dvvxpswlrq 6 jxdudqwhhv wkdw E 5 ( Zh
zloo dqdo|}h wkh Pdunry surfhvv rq t lqgxfhg e| wkh h{rjhqrxv Z dqg wkh hqgrjhqrxv }+￿
Ehiruh wklv/ krzhyhu/ zh glvfxvv wkh uhodwlrqvkls ehwzhhq wkh frpsrqhqw sodqqlqj sureohp
dqg wkh vroxwlrq wr wkh ixqfwlrqdo htxdwlrq1
Htxlydohqfh ehwzhhq wkh FSS lq vhtxhqwldo dqg uhfxuvlyh irupxodwlrq
Lq wklv vhfwlrq zh vkrz wkdw wkh doorfdwlrq 	 j ' i	 |Efc+|j"
|’f lqgxfhg e| wkh rswlpdo
srolflhv iurp wkh uhfxuvlyh irupxodwlrq/ Ec} +￿E vroyh wkh  lq vhtxhqwldo irupxodwlrq/
l1h1 vroyh wkh surjudp FSS iru lqwhuhvw udwhv i-|j"
|’f frqvwdqw dw -1 Vr iru jlyhq Efc+ f
ohw 	 fEfc+ f'Efc 	 ￿Efc+ f'}+￿Ef dqg lq jhqhudo 	 |Efc+ |'}+|E	 |3￿Efc+ |3￿
dqg 	 |Efc+|'E	 |Efc+| eh wkh doorfdwlrq lqgxfhg e| wkh uhfxuvlyh srolf| uxohv1 Lq wkh
dsshqgl{ zh lqyrnh wkh sulqflsoh ri rswlpdolw| wr dujxh wkdw wkh doorfdwlrq vr ghulyhg vroyhv
FSS iru frqvwdqw lqwhuhvw udwhv1
Wkhruhp 61 Vxssrvh wkdw wkh vhtxhqfh i-|j"
|’f lv frqvwdqw dw - 5 Ec ￿
q Wkhq wkh doorfd0
wlrq 	 j frqvwuxfwhg iurp wkh rswlpdo srolflhv ri wkh ixqfwlrqdo htxdwlrq vroyhv wkh frpsrqhqw
sodqqlqj sureohp/ iru hyhu| Efc+ f 5 `  t zlwk f  L￿￿|E+f
Surri1 Vhh Dsshqgl{
H{lvwhqfh dqg xqltxhqhvv ri dq lqyduldqw suredelolw| phdvxuh
Ohw ` 'd c 7 o dqg EE`c SEt  wkh vhw ri Eruho vhwv ri ` dqg wkh srzhu vhw ri
t Wkh ixqfwlrq }+￿Ec wrjhwkhu zlwk wkh wudqvlwlrq ixqfwlrq Z iru wkh hqgrzphqw surfhvv/
ghqhv d Pdunry wudqvlwlrq ixqfwlrq rq lqfrph vkrfn uhdol}dwlrqv dqg xwlolw| surplvhv ' G







ZE+￿ s }+￿E 5Z
f e,re
+58,
49Jlyhq wklv wudqvlwlrq ixqfwlrq/ zh ghqh wkh rshudwru AW rq wkh vsdfh ri suredelolw| phdvxuhv












iru doo EZc\ 5E E` SEt  Qrwh wkdw A W pdsv \ lqwr lwvhoi +vhh Vwrnh| hw1 do1 +4<;<,/
Wkhruhp ;15,1 Dq lqyduldqw suredelolw| phdvxuh dvvrfldwhg zlwk ' lv ghqhg wr eh d {hg
srlqw ri A W Lq wklv vhfwlrq zh dgguhvv wkh txhvwlrq ri zkhwkhu vxfk d suredelolw| phdvxuh
h{lvwv dqg lv xqltxh1 Lqwxlwlyho|/ wklv lqyduldqw phdvxuh ghvfulehv wkh orqj0uxq lpsolfdwlrqv
ri wkh sodqqhuv frvw plqlpl}lqj srolflhv1
Zh uvw dgg d surshuw| ri }+￿ wkdw zloo eh xvhixo lq surylqj wkh h{lvwhqfh ri d xqltxh
lqyduldqw suredelolw| phdvxuh dvvrfldwhg zlwk wkh wudqvlwlrq ixqfwlrq '
Ohppd <1 Wkhuh h{lvwv W 5  vxfk wkdw W :L ￿￿|E+4@  dqg }+4@ EW'L￿￿|E+4@ 
Surri1 Vhh Dsshqgl{
Fruroodu| 51 }+4@ EW'L￿￿|E+ iru doo   W
Zlwk wklv uhvxow dqg wkh fkdudfwhul}dwlrq ri wkh ixqfwlrqv }+￿ iurp suhylrxv vhfwlrqv zh
fdq suryh wkh pdlq uhvxow ri wklv vhfwlrq/ qdpho| wkdw iru d jlyhq - 5 Ec ￿
qc wkhuh lv d xqltxh
lqyduldqw phdvxuh ryhu xwlolw| surplvhv dqg hqgrzphqw vkrfnv dvvrfldwhg zlwk wudqvlwlrq
ixqfwlrq '
Wkhruhp 71 Wkhuh h{lvwv d xqltxh lqyduldqw suredelolw| phdvxuh x dvvrfldwhg zlwk wkh wudq0
vlwlrq ixqfwlrq ' ghqhg deryh dqg iru doo xf 5 \EE`  t cEEE` SEt c EA Wxf
? frq0
yhujhv wr x lq wrwdo yduldwlrq qrup1
Surri1 Vhh Dsshqgl{
Uhpdun 61 Wkh dujxphqw deryh dovr vkrzv wkdw dq| hujrglf vhw ri wkh Pdunry surfhvv
dvvrfldwhg zlwk ' pxvw olh zlwklq dL￿￿|E+4￿?cL￿￿|E+4@ o  t dqg wkdw wkh vxssruw ri wkh
xqltxh lqyduldqw suredelolw| phdvxuh lv d vxevhw ri wklv vhw1 Iru dq| lqlwldo phdvxuh ryhu
4:vkrfnv dqg xwlolw| hqwlwohphqwv/ lq wkh orqj uxq wkh sodqqhuv* dfwlrqv uhvxow lq wkh lqyduldqw
furvv0vhfwlrqdo phdvxuh1
Wklv frqfoxghv wkh glvfxvvlrq ri wkh Pdunry surfhvv rq xwlolw| surplvhv iru d {hg
lqwhuhvw udwh - 5 Ec ￿
q Lq rxu vxevhtxhqw dqdo|vlv zh zloo lqgh{ srolf| ixqfwlrqv Ec}+￿/
frvw ixqfwlrqv T dqg xqltxh lqyduldqw suredelolw| phdvxuhv x e| - wr pdnh fohdu wkdw wkhvh
ixqfwlrqv dqg phdvxuhv zhuh ghulyhg iru d {hg - Vr idu zh kdyh qrw lpsrvhg dq| uhvrxufh
ihdvlelolw| frqglwlrq1 Lw pd| eh wkh fdvh wkdw iru d {hg -c lq rughu wr gholyhu d glvwulexwlrq
ryhu xwlolw| hqwlwohphqwv x-c pruh uhvrxufhv wkdq dydlodeoh kdyh wr eh xvhg xs1 Lq wkh qh{w
vhfwlrq zh zloo dqdo|}h krz wkh uhvrxufh uhtxluhphqwv lpsrvhg e| x- ydu| zlwk -
G1 Ghwhuplqdwlrq ri wkh pdunhw fohdulqj vkdgrz sulfh -
Lq wkh suhylrxv vhfwlrq zh vkrzhg wkdw iru d {hg - 5 Ec ￿
q wkhuh h{lvwv d xqltxh







Lq wklv vhfwlrq zh dqdo|}h wkh txdolwdwlyh ihdwxuhv ri wkh ixqfwlrq _E Vlqfh e| dvvxpswlrq
U
+_x- grhv qrw ydu| zlwk -c wkh ehkdylru ri _ ghshqgv rq krz T- dqg x- ydu| zlwk -
Wkh ehkdylru ri x- zlwk uhvshfw wr - lq wxuq ghshqgv rq wkh ehkdylru ri }-
+￿ zlwk uhvshfw
wr - dv }-
+￿ ghwhuplqhv wkh Pdunry surfhvv wr zklfk x- lv wkh lqyduldqw suredelolw| phdvxuh1
Zh vwduw e| surylqj wkdw wkh ixqfwlrq T - ydulhv frqwlqxrxvo| zlwk -c wkhq vkrz wkdw wkh
rswlpdo srolflhv }-
+￿ ydu| frqwlqxrxvo| lq - Wkhvh uhvxowv/ lq wxuq/ lpso| frqwlqxlw| ri _c dv
vkrzq lq Wkhruhp 81
Ohppd 431 +Dwnhvrq dqg Oxfdv +4<<8,, Ohw - 5 Ec ￿
q dqg i-?j
"
?’f eh d vhtxhqfh vdwlvi|lqj
-? 5 Ec ￿
q dqg *4?<" -? ' - Wkhq wkh vhtxhqfh iT-?j
"
?’f frqyhujhv xqlirupo| wr T- rq
dc 7 o
Surri1 Vhh Dsshqgl{
4;Ohppd 441 +Dwnhvrq dqg Oxfdv +4<<8,, Ohw d vhtxhqfh i-?c ?j
"
?’f zlwk -? 5 Ec ￿
q dqg
? 5 dc 7 o frqyhujh wr E-c 5 Ec ￿






?’f frqyhujhv wr }-
+￿E
Surri1 Vhh Dsshqgl{
Wkh suhylrxv wzr ohppdv fdq eh xvhg wr suryh rxu uvw pdlq uhvxow derxw wkh h{fhvv
ghpdqg ixqfwlrq _Ec qdpho| frqwlqxlw| rq Ec ￿
q
Wkhruhp 81 +Dwnhvrq dqg Oxfdv +4<<8,/ Ohppd 45,= _E- lv frqwlqxrxv rq Ec ￿
q
Surri1 Vhh Dsshqgl{
Wkh suhylrxv uhvxow hvwdeolvkhv wkdw wkh h{fhvv ghpdqg ixqfwlrq ydulhv frqwlqxrxvo|
zlwk - Qrz zh zdqw wr hvwdeolvk d uhvxow derxw wkh vorsh ri wkh h{fhvv ghpdqg ixqfwlrq1
Lqwxlwlyho|/ d kljkhu lqwhuhvw udwh - pdnhv uhvrxufhv wrpruurz fkhdshu frpsduhg wr uhvrxufhv
wrgd|1 Wklv vkrxog ohdg/ iru jlyhq xwlolw| hqwlwohphqw c wr d ghfuhdvh lq xwlolw| uhfhlyhg
wrgd| dqg dq lqfuhdvhg surplvhg xwlolw| iurp wrpruurz rqzdugv1 Vlqfh wkh lqyduldqw phdvxuh
ryhu xwlolw| lv ghwhuplqhg e| ixwxuh xwlolw| surplvhv/ iru kljkhu - rqh h{shfwv kljkhu xwlolw|
surplvhv rq dyhudjh/ dqg khqfh kljkhu uhvrxufh frvwv1 Lq rwkhu zrugv/ rqh h{shfwv wkh h{fhvv
ghpdqg ixqfwlrq wr eh lqfuhdvlqj lq -
Lq rughu wr suryh wklv zh uvw hvwdeolvk wkdw ixwxuh xwlolw| surplvhv duh lqghhg lqfuhdvlqj
lq wkh lqwhuhvw udwh -
Ohppd 451 Wkh rswlpdo srolflhv }-
+￿E duh lqfuhdvlqj lq - dqg wkh rswlpdo srolf| -E lv
ghfuhdvlqj lq -
Surri1 Vhh Dsshqgl{
Wklv uhvxow hqdeohv xv wr gudz frqfoxvlrqv derxw krz wkh lqyduldqw phdvxuh ryhu
xwlolwlhv dqg hqgrzphqw vkrfnv/ x- ydulhv zlwk - Wkh qh{w uhvxow vkrzv wkdw iru odujhu
lqwhuhvw udwhv wkh lqyduldqw phdvxuh sxwv pruh pdvv rq kljkhu xwlolw| hqwlwohphqwv1 Iru hyhu|
x ghqh wkh suredelolw| phdvxuhv x+ rq E`cEE` e| x+E'
xE￿ct+￿￿
ZE+￿ c iru hyhu|  5E E`
Qrwh wkdw hyhu| vxfk phdvxuh lv zhoo0ghqhg dv ZE+ : f e| dvvxpswlrq/ dqg wkdw x+E`' 















Wkh suhylrxv uhvxowv fdq eh frpelqhg wr vkrz wkdw wkh h{fhvv ghpdqg ixqfwlrq lv
lqfuhdvlqj lq wkh lqwhuhvw udwh1
Wkhruhp 91 +Dwnhvrq dqg Oxfdv +4<<8,/ Ohppd 47, Ohw -: 	 - Wkhq _E-  _E 	 -
Surri1 Vhh Dsshqgl{
Wkh suhylrxv uhvxowv vkrz wkdw wkh h{fhvv ghpdqg ixqfwlrq lv frqwlqxrxv dqg lqfuhdvlqj
rq Ec ￿
q Wkh ehkdylru ri wkh h{fhvv uhvrxufh ixqfwlrq dw - ' ￿
q +wkh frpsohwh pdunhwv
vkdgrz sulfh, lv hdvlo| ghwhuplqhg1 Iru vxfk -c }+￿E' ru }+￿E'L￿￿|E+￿ iurp wkh
uvw rughu frqglwlrqv1 Wkhuh lv d frqwlqxxp ri lqyduldqw phdvxuhv1 Qr 	} +￿EL￿￿|E+4@ 
lv lq wkh vxssruw ri dq| ri wkhvh phdvxuhv/ wkrxjk/ dv wkh suredelolw| ri ohdylqj vxfk d 
lv dw ohdvw ZE+4@  dqg wkh suredelolw| ri frplqj edfn +lqwr d qhljkerukrrg, lv f Wkhuhiruh
}+￿E' iru doo srlqwv lq wkh vxssruw ri wkh lqyduldqw phdvxuh/ dqg wkhuh lv frpsohwh ulvn
vkdulqj dv iurp wkh surplvh0nhhslqj frqvwudlqw E' Hdfk lqglylgxdov* frqvxpswlrq lv
frqvwdqw ryhu wlph1 Wkh lqyduldqw phdvxuh zlwk orzhvw frvw lv wkh rqh wkdw sxwv pdvv ZE+
rq EL￿￿|E+4@ c+ Khqfh hdfk lqglylgxdo uhfhlyhv wkh vdph fxuuhqw xwlolw|/ khqfh wkh vdph
fxuuhqw frqvxpswlrq/ zklfk lv htxdo wr wkh dyhudjh diwhu0wd{ hqgrzphqw 7 + Iru wklv doorfdwlrq
wr eh lqfhqwlyh ihdvleoh rqh qhhgv
L
￿￿|E+4@   E7 +
Vlqfh zh duh lqwhuhvwhg lq h!flhqw doorfdwlrqv wkdw grq*w ihdwxuh shuihfw ulvn vkdulqj zh
dvvxph wkdw wkh deryh lqhtxdolw| lv ylrodwhg1: Wkhq frpsohwh ulvn vkdulqj lv qrw srvvleoh
zlwk uhvrxufhv 7 + E| dujxphqwv vlplodu wr wkh surri ri frqwlqxlw| rqh fdq vkrz wkdw iru
:Wkh lqhtxdolw| zloo eh ylrodwhg iru  vx!flhqwo| vpdoo dqg2ru wkh lqfrph surfhvv vx!flhqwo| yduldeoh1
53- $ ￿
qc wkh frvw ri wkh dvvrfldwhg doorfdwlrq frqyhujhv wr wkh fkhdshvw frpsohwh ulvn vkdulqj
doorfdwlrq1 Khqfh xqghu wkh dvvxpswlrq pdgh *4-< ￿
q _E- : f





wkhq wkh dxwdunlf doorfdwlrq vdwlvhv wkh uvw rughu frqglwlrqv iru vrph -: Vlqfh dxwdun|
lv frqvwudlqhg ihdvleoh/ lw lv h!flhqw1 Li wkh lqhtxdolw| lq +5<, lv uhyhuvhg/ zh frqmhfwxuh wkdw
d, dxwdun| lv qrw h!flhqw dqg e, _E- 	 f iru - vx!flhqwo| forvh wr/ exw eljjhu wkdq ;
Zh dvvxph wkdw 5< grhv qrw krog1< Wkhq xqghu wkh odvw wzr dvvxpswlrqv/ wkhuh h{lvwv
dq h!flhqw vwdwlrqdu| doorfdwlrq glhuhqw iurp frpsohwh ulvn vkdulqj dqg glhuhqw iurp wkh
dxwdunlf vroxwlrq143
Uhpdun 71 Wkh suhylrxv glvfxvvlrq lv ydolg iru dq| h{rjhqrxvo| jlyhq lqwhuhvw udwh rq rqh
shulrg erqgv/ o Li rqh uhtxluhv wklv lqwhuhvw udwh wr eh htxdo wr wkh lpsolflw lqwhuhvw udwh iru
ulvn vkdulqj frqwudfwv/ l1h1 no ' -c dv zh gr lq rxu txdqwlwdwlyh dqdo|vlv/ wkhq L￿￿|E+(o'
L￿￿|E+(-   ydulhv lq - Doo wkhruhwlfdo uhvxowv dsduw iurp wkrvh lq vhfwlrq G1 jr wkurxjk
xqfkdqjhg1 Ohppd 43 dqg 44 jr wkurxjk dv wkh rshudwru A- lv vwloo frqwlqxrxv lq - Wkhuhiruh
wkhruhp 8 lv vwloo ydolg dqg wkh h{fhvv ghpdqg ixqfwlrq lv vwloo frqwlqxrxv1 Krzhyhu lw qhhg
qrw eh prqrwrqlfdoo| lqfuhdvlqj dqg khqfh wkh vhw ri htxloleulxp -￿r qhhg qrw eh frqyh{1
Wkh glvfxvvlrq derxw wkh ehkdylru ri _E- dw - ' ￿
q dqg forvh wr  dovr uhpdlq ydolg1
71 Txdolwdwlyh Ihdwxuhv ri wkh H!flhqw Doorfdwlrq
Lq jxuh 4 +vhh wkh dsshqgl{, zh vkrz wkh w|slfdo vkdsh ri wkh srolf| ixqfwlrqv }+￿E1
Wkh srolflhv vkrzq khuh duh frpsxwhg d vshflf sdudphwhul}dwlrq ri wkh prgho/ lq zklfk wkh
hqgrzphqw surfhvv fdq wdnh rq wzr ydoxhv/ +, 	+ ￿ dqg d vshflf lqwhuhvw udwh - 5 Ec ￿
q
Zh revhuyh wkh iroorzlqj surshuwlhv= dv vkrzq deryh }+￿E lv juhdwhu ru htxdo wr L￿￿|E+￿c
;Iru wkh fdvh wkdw wkh hqgrzphqw surfhvv fdq wdnh rqo| wzr ydoxhv dqg xwlolw| lv ri FUUD0irup zh zhuh
deoh wr suryh wklv frqmhfwxuh/ exw qrw iru wkh jhqhudo fdvh frqvlghuhg khuh1
<Dv lv zhoo nqrzq/ iru vx!flhqwo| orz  rqo| wkh dxwdunlf doorfdwlrq vdwlvhv wkh frqwlqxlqj sduwlflsdwlrq
frqvwudlqwv1 Vhh Doyduh} dqg Mhupdqq +4<<;d, iru d glvfxvvlrq ri wkh wzr0djhqw fdvh1
43Qr fodlp ri xqltxhqhvv fdq eh pdgh dw wklv srlqw1 Wkh vhw ri h!flhqw vkdgrz sulfhv U lv frqyh{1 Lq rxu
frpsxwdwlrqdo h{huflvhv/ krzhyhu/ xqltxhqhvv dozd|v dulvhv1
54frqvwdqw dw L￿￿|E+￿ iru   L￿￿|E+￿ dqg lqwhuvhfwv wkh eDf0olqh dw  ' L￿￿|E+￿ Iru
:L ￿￿|E+￿ lv hlwkhu frqvwdqw dw L￿￿|E+￿ ru vwulfwo| lqfuhdvlqj lq / dqg olhv ehorz wkh
eDf0olqh1 Ixuwkhupruh }+,E  }+￿E
Wkh vxssruw ri wkh lqyduldqw phdvxuh x zlwk uhvshfw wr  lv/ dv vkrzq deryh/ htxdo wr
dL￿￿|E+,cL￿￿|E+￿o Wkh ihdwxuhv ri wkh srolf| ixqfwlrqv mxvw ghvfulehg lpso| wkdw dq djhqw
zlwk +￿ ' +￿ kdv }+￿E'L￿￿|E+￿ dqg khqfh wkh kljkhvw srvvleoh ixwxuh xwlolw| hqwlwohphqwv
lq wkh vxssruw ri xc uhjdugohvv ri khu  Khqfh/ zkhq dq djhqw uhfhlyhv d kljk lqfrph vkrfn/
klvwru| lv hudvhg lq wkdw suhvhqw xwlolw| hqwlwohphqwv c zklfk vxppdul}h wkh klvwru| ri sdvw
hqgrzphqw vkrfnv/ gr qrw pdwwhu iru ixwxuh xwlolw| hqwlwohphqwv1 Iru djhqwv zlwk +￿ ' +,c
klvwru| pdwwhuv1 Dq djhqw zlwk  ' L￿￿|E+￿ wkdw uhfhlyhv +￿ ' +, gursv wr }+￿EL￿￿|E+￿
	L ￿￿|E+￿c dqg/ xsrq ixuwkhu edg vkrfnv/ zrunv khuvhoi grzqzdugv wkurxjk wkh hqwlwohphqw
glvwulexwlrq1 Lq qlwh +li }+,E'L￿￿|E+, iru vrph :L ￿￿|E+, ru lqqlwh qxpehu ri
vwhsv dq djhqw zlwk d vwulqj ri edg vkrfnv duulyhv dw  ' L￿￿|E+,c zlwk dq| jrrg vkrfn
sxwwlqj khu lpphgldwho| edfn wr L￿￿|E+￿ Qrwh iurp wkh wkhruhwlfdo uhvxowv wkdw wkh ihdwxuhv
ri lpphgldwh mxpslqj xs xsrq uhfhlylqj wkh kljkhvw vkrfn dv zhoo dv judgxdo zrunlqj grzq
xsrq uhfhlylqj orzhu vkrfnv krog iru dq duelwudu| +qlwh, qxpehu ri vwdwhv iru wkh hqgrzphqw
surfhvv1
Wkh surshuwlhv ri wkh hqwlwohphqw glvwulexwlrq lpphgldwho| wudqvodwh lqwr surshuwlhv ri





Vlqfh E dqg E duh vwulfwo| lqfuhdvlqj ixqfwlrqv/ frqvxpswlrq uhdfwv wr hqgrzphqw vkrfnv
lq h{dfwo| wkh vdph txdolwdwlyh idvklrq dv xwlolw| hqwlwohphqwv1 Wklv fdq eh vhhq iurp jxuh
2 Doo djhqwv zlwk d kljk hqgrzphqw vkrfn frqvxph wkh vdph/ uhjdugohvv ri wkhlu klvwru| dqg
frqvxph wkh pd{lpxp dprxqw lq wkh vxssruw ri wkh frqvxpswlrq glvwulexwlrq1 Khqfh wkh
frqvxpswlrq glvwulexwlrq kdv d pdvv srlqw dw wklv frqvxpswlrq ohyho htxdo wr E+￿ Dqrwkhu
pdvv srlqw rffxuv dw wkh plqlpxp ri wkh vxssruw ri wkh frqvxpswlrq glvwulexwlrq/ surylghg
wkdw }+,E'L￿￿|E+, iru vrph :L ￿￿|E+, +zklfk lv wuxh lq wkh suhvhqw h{dpsoh/ exw
qhhg qrw eh wuxh lq jhqhudo,1 Doo djhqwv wkdw kdyh d vx!flhqwo| orqj vwulqj ri edg lqfrph
55uhdol}dwlrqv zloo frqvxph wkh plqlpxp frqvxpswlrq ohyho lq wkh vxssruw1 Lq ehwzhhq wkhvh
wzr pdvv srlqwv wkhuh lv d qlwh qxpehu ri rwkhu pdvv srlqwv frqvlvwlqj ri lqglylgxdov zlwk
fxuuhqwo| edg vkrfn zkr duh lq wkh surfhvv ri hlwkhu idoolqj wr wkh erwwrp +zlwk dgglwlrqdo
edg vkrfnv, ru mxpslqj djdlq wr wkh wrs +zlwk d vlqjoh jrrg vkrfn,/ exw zkr kdyhq*w klw urfn
erwwrp |hw1
Zkdw lv wkh hfrqrplf lqwxlwlrq iru wkhvh uhvxowvB Rqh revhuyhv wkdw wkrvh lqglylgxdov
wkdw h{shulhqfh dq lqfuhdvh lq lqfrph iurp wrgd| wr wrpruurz duh frqvwudlqhg1 Wklv fdq
eh lqwhusuhwhg dv iroorzv1 Wkhvh djhqwv kdyh eruurzhg djdlqvw wkh fkdqfh ri ehlqj oxfn| lq
wkh qh{w shulrg +lq xwlolw| whupv/ dv wkh| uhfhlyh pruh xwlolw| wrgd| wkdq lq dxwdun|, dqg
li wkh frqwlqjhqf| ri ehlqj oxfn| wrpruurz pdwhuldol}hv wkh| duh fdoohg xsrq wr uhsd| wkhlu
ghew dqg wudqvihu uhvrxufhv wr rwkhu djhqwv1 Xqfrqvwudlqhg djhqwv whqg wr eh wkrvh zlwk
d gurs lq lqfrph1 Wkhvh djhqwv duh xqfrqvwudlqhg wrpruurz dv wkh| zloo uhfhlyh wudqvihuv
+iurp djhqwv zlwk idyrudeoh lqfrph vkrfn wrpruurz, dw wkdw gdwh/ zklfk pdnhv ghidxowlqj
xquhdvrqdeoh1 Wklv ihdwxuh ri wkh prgho mxvwlhv wkh whup ghew frqvwudlqhg dv djhqwv duh
frqvwudlqhg wr eruurz wrgd| ehfdxvh ri wkhlu srvvleoh lqfhqwlyh wr ghidxow li fdoohg xsrq wr
sd| edfn wrpruurz +lq wkh frqwlqjhqf| ri d kljk lqfrph uhdol}dwlrq,1
Wkhvh uhvxowv duh rqo| vxjjhvwlyh iru dq hfrqrp| zlwk pruh wkdq 2 vkrfnv1 Krzhyhu/
wkh skhqrphqd ri mxpslqj wr wkh wrs lq rqh vwhs xsrq uhfhlylqj wkh kljk hqgrzphqw vkrfnv
dqg vwhszlvh zrunlqj wkurxjk wkh glvwulexwlrq zlwk frqvlvwhqwo| orz hqgrzphqw vkrfnv lv dq
lqkhuhqw surshuw| ri wkh prgho1 Iru kljkhu qxpehuv ri h{rjhqrxv vwdwhv/ ri frxuvh/ d ulfkhu
frqvxpswlrq glvwulexwlrq lq wkh plggoh dulvhv1
Ilqdoo|/ lq jxuh  zh vkrz wkh h{fhvv ghpdqg ixqfwlrq _E- iru d {hg sdudphwhul}d0
wlrq ri wkh prgho1 Dv suryhg lq wkh wkhruhwlfdo sduw/ wklv ixqfwlrq lv frqwlqxrxv dqg lqfuhdvlqj
lq - rq Ec ￿
q Lq wkh vshflf h{dpsoh lw kdv d xqltxh -W 5 Ec ￿
q vxfk wkdw _E- htxdov wr f1
81 Ghfhqwudol}dwlrq
Lq wklv vhfwlrq zh wxuq wr wkh txhvwlrq ri ghfhqwudol}lqj wkh h!flhqw frqvxpswlrq
doorfdwlrq wkurxjk d pdunhw phfkdqlvp1 Lq grlqj vr zh zloo iroorz wkh dssurdfk ri Nhkrh
dqg Ohylqh +4<<6,1 Frqvlghu dq djhqw zlwk shulrg }hur hqgrzphqw ri +f dqg lqlwldo zhdowk
ri @f Zhdowk lv phdvxuhg dv hqwlwohphqw wr wkh shulrg f frqvxpswlrq jrrg1 Ohw X eh wkh
56mrlqw glvwulexwlrq ryhu E@fc+ f
Ohw ghqrwh e| R|E+| wkh gdwh }hur sulfh ri d frqwudfw wkdw vshflhv gholyhu| ri rqh
xqlw ri wkh frqvxpswlrq jrrg dw shulrg | wr2iurp d shuvrq zkr kdv h{shulhqfhg hqgrzphqw
vkrfn klvwru| +| Iru hdfk frqwlqjhqf| S|E@fc+ |+| lv wkh qhw wudgh ri lqglylgxdo E@fc+ f iru
wkdw frqwlqjhqf|1 Lq shulrg f wkhuh lv qr lglrv|qfudwlf xqfhuwdlqw|/ vr qrupdol}h wkh sulfh ri
wkh frqvxpswlrq jrrg dw shulrg f wr 441
D krxvhkrog ri w|sh E@fc+ f fkrrvhv dq doorfdwlrq iS|E@fc+ |j wr vroyh



















































Qrwh wkdw/ dv lq Nhkrh dqg Ohylqh+4<<6,/ wkh frqwlqxlqj sduwlflsdwlrq frqvwudlqwv hqwhu wkh
lqglylgxdo frqvxpswlrq vhwv gluhfwo|145
44Qrwh wkdw lq vwdqgdug Duurz Gheuhx htxloleulxp wkhru| zlwk qlwho| pdq| frqvxphuv/ d frpsohwh gh0
vfulswlrq ri wkh vwdwh ri wkh hfrqrp| zrxog eh hyhu|erg|*v hqgrzphqw vkrfn klvwru|/ dqg doo sulfhv zrxog
eh frqwlqjhqw rq wklv frpsohwh vwdwh1 Zlwk dwrplvwlf lqglylgxdov/ wkh dvvxphg odz ri odujh qxpehu dqg wkh
irfxv rq ghfhqwudol}lqj vwdwlrqdu| doorfdwlrqv/ dwwhqwlrq fdq eh uhvwulfwhg wr htxloleuld lq zklfk sulfhv +dqg
txdqwlwlhv, ghshqg rqo| rq rzq shuvrqdo klvwrulhv1
45Wkh sk|vlfdo hqylurqphqw wkdw xqghuolhv wklv glvfxvlrq lv wkh iroorzlqj= Wkhuh lv d fhqwudo pdunhw sodfh
dqg d Zdoudvldq dxfwlrqhhu +ru qdqfldo lqwhuphgldu|, wkdw/ dw shulrg 3> fdoov rxw sulfhv iru wkh frqvxpswlrq
jrrg/ frqwlqjhqw rq +shuihfwo| revhuydeoh, hqgrzphqw vkrfn klvwrulhv1 Edvhg rq sulfhv lqglylgxdov/ dw gdwh
3> sxufkdvh frqwlqjhqw frqvxpswlrq frqwudfwv fw+d3>|w,= Lq hdfk shulrg w> wkhq/ lqglylgxdov uhwxuq wr wkh
fhqwudo pdunhw sodfh wr fodlp wkhlu qhw frqvxpswlrq dw shulrg w> fw+d3>|w, |w> zklfk pd| eh qhjdwlyh1 Wkh
dxfwlrqhhu dfwv dv d fohdulqjkrxvh iru qhw fodlpv dqg gholyhulhv dqg hqirufhv wkdw djhqwv wkdw glg qrw dfw
dffruglqj wr wkh frqwudfw vljqhg dw shulrg 3 dw vrph sdvw gdwh zloo eh h{foxghg iurp wkh pdunhw sodfh1
57Ghilqlwlrq 61 Dq htxloleulxp frqvlvwv ri sulfhv iR|E+|j
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 jlyhq sulfhv/ wkh doorfdwlrq vroyhv krxvhkrog*v sureohp iru doprvw doo E@fc+ f












|ZE+|m+f>E@fc+|  f eh wkh Odjudqjh pxowlsolhu dvvrfldwhg zlwk wkh frqwlqxlqj
sduwlflsdwlrq frqvwudlqw dw klvwru| +| dqg bE@fc+ f  f eh wkh Odjudqjh pxowlsolhu dvvrfldwhg
zlwk wkh wlph f exgjhw frqvwudlqw1 Ohw E+|'i+￿mZE+|m+￿ : fj eh wkh vhw ri doo hqgrzphqw
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 +67,














Reylrxvo|/ dq djhqw zkrvh sduwlflsdwlrq frqvwudlqw grhv qrw elqg dw frqwlqjhqf| +|n￿/ iroorz0
lqj klvwru| +|c idfhv wkh vwdqgdug frpsohwh pdunhwv Hxohu htxdwlrq +dv >E@fc+|n￿'f ,1
Qrz frqvlghu wkh h!flhqw doorfdwlrq ri xwlolwlhv i|Efc+ |jdv irxqg lq wkh suhylrxv
vhfwlrq1 Frpelqlqj wkh uvw rughu frqglwlrq dqg wkh hqyhorsh frqglwlrq iurp wkh frpsrqhqw


























zlwk R| ' -3| Wkdw lv/ wkh sulfh iru d frpprglw| gholyhuhg frqwlqjhqw rq shuvrqdo klvwrulhv
lv frpsrvhg ri wzr frpsrqhqwv/ dq djjuhjdwh lqwhuwhpsrudo sulfh R| ' -3| dqg dq lqglylgxdo
vshflf/ klvwru| ghshqghqw frpsrqhqw/ htxdo wr wkh suredelolw| wkdw wkh shuvrqdo klvwru|
rffxuv1
Jlyhq sulfhv/ wkh lqlwldo zhdowk ohyho wkdw pdnhv wkh h!flhqw frqvxpswlrq doorfdwlrq
drugdeoh iru dq djhqw ri w|sh Efc+ f lv jlyhq e|











' @fEfc+ f 	 4 +6<,
zkhuh wkh odvw lqhtxdolw| iroorzv iurp wkh idfw wkdw wkh h!flhqw frqvxpswlrq doorfdwlrq lv
erxqghg iurp deryh +dv xwlolw| surplvhv duh erxqghg iurp deryh,1 Ilqdoo|/ wkh htxloleulxp













Wkh suhfhglqj glvfxvvlrq fdq eh vxppdul}hg lq wkh iroorzlqj wkhruhp
Wkhruhp :1 Vxssrvh wkdw iS|Efc+ |j
"
|’f lv d vwdwlrqdu| h!flhqw doorfdwlrq +zlwk dvvrfldwhg
vkdgrz lqwhuhvw udwh -: ￿
q,1 Wkhq sulfhv iR|E+|j dqg doorfdwlrqv iS|E@fc+ |jc dv ghqhg lq
6; dqg 73 duh dq htxloleulxp iru lqlwldo glvwulexwlrq Xf ghulyhg iurp xf dqg 6<1
Surri1 Vhh Dsshqgl{
91 Fdoleudwlrq
Iluvw zh zloo ghvfuleh krz zh vhw wkh sdudphwhuv jryhuqlqj wkh lqglylgxdo hqgrzphqw
surfhvv/ wrjhwkhu zlwk wkh jryhuqphqw srolflhv +vshqglqj dqg wd{hv,1 Zh zloo wkhq glvfxvv
suhihuhqfh sdudphwhuv qc wkh vxemhfwlyh wlph glvfrxqw idfwru/ dqg jc wkh frh!flhqw ri uhodwlyh
ulvn dyhuvlrq/ dv zh zloo dvvxph wkdw wkh shulrg xwlolw| ixqfwlrq lv ri FUUD0irup1
Hqgrzphqw surfhvv
Wr fkdudfwhul}h wkh Pdunry fkdlq jryhuqlqj wkh lqglylgxdo hqgrzphqw surfhvv lq wkh
prgho zh qhhg wr vhw wkh  srvvleoh ydoxhv wkh hqgrzphqw e| fdq wdnh dqg hvwlpdwh wkh
wudqvlwlrq pdwul{ ZEe|n￿me| Lq rughu wr gr vr zh xvh krxvhkrog ohyho gdwd iurp wkh Frqvxphu
H{shqglwxuh Vxuyh| +FH[, iru wkh |hduv 4<;904<<71 Wkh pdlq uhdvrq zk| zh xvh FH[ lqfrph
gdwd/ zkrvh txdolw| lv vxssrvhgo| lqihulru wr SVLG gdwd/ lv ehfdxvh FH[ uhsruwv dovr wd{hv
sdlg e| wkh krxvhkrog phpehuv dqg wudqvihuv uhfhlyhg/ vxfk dv zhoiduh dqg xqhpsor|phqw
lqvxudqfh sd|phqwv1 Zh wu| wr uhgxfh phdvxuhphqw huuru e| h{foxglqj iurp rxu vdpsoh
krxvhkrogv48 fodvvlhg dv lqfrpsohwh lqfrph uhvsrqghqwv/ dv vxjjhvwhg e| Qhovrq +4<<7, dqg
47Jlyhq wkdw wkh rswlpdo uhfxuvlyh srolf| ixqfwlrq k+=>|, lv d vwulfwo| lqfuhdvlqj ixqfwlrq lq z/w k hkw+=>|w,
dqg khqfh wkh fw+=>|w, duh vwulfwo| lqfuhdvlqj lq z3= Wkhuhiruh d3+=>|3, lv vwulfwo| lqfuhdvlqj dqg wkxv lqyhuwleoh1
Zh ghqrwh lwv lqyhuvh e| d
￿4
3 =
48Wkh FH[ xvhv dv lwv edvlf xqlw ri lqyhvwljdwlrq wkh Frqvxphu Xqlw/ zklfk frpsulvhv hlwkhu d, doo phpehuv
ri d sduwlfxodu krxvhkrog uhodwhg e| eorrg/ pduuldjh/ dgrswlrq ru rwkhu ohjdo duudqjhphqwv/ e, d shuvrq olylqj
dorqh ru vkdulqj d krxvhkrog zlwk rwkhuv/ exw lv qdqfldoo| lqghshqghqw/ f, wzr ru pruh shuvrqv olylqj wrjhwkhu
zkr xvh wkhlu lqfrphv wr pdnh mrlqw h{shqglwxuh ghflvlrqv1 Iru ghwdlov vhh Frqvxphu H{shqglwxuh Vxuyh|
+4<<:,/ s157<1 Zh zloo uhihu wr d FX dv krxvhkrog1
5:Oxvdugl +4<<9,1 Iru wkh vdph uhdvrq zh h{foxgh krxvhkrogv zlwk }hur wrwdo lqfrph +lqfoxglqj
zdjhv/ exvlqhvv fdslwdo lqfrph ru jryhuqphqw wudqvihuv,1 Ilqdoo|/ vlqfh zh lqwhusuhw rxu suh0
wd{ hqgrzphqw frqfhsw iurp wkh prgho dv oderu lqfrph zh h{foxgh krxvhkrogv zklfk duh
vroho| frpsrvhg ri phpehuv roghu wkdq 97 |hduv rog1 Zh ylhz wklv dv mxvwlhg vlqfh rxu prgho
lv d prgho ri oderu lqfrph xqfhuwdlqw| zklfk lv frpsohwho| uhyhdohg xsrq uhwluhphqw1
Wkh FH[ txdqwlw| zh zloo lqwhusuhw dv e|/ krxvhkrog hqgrzphqw ehiruh wd{hv/ lv oderu
hduqlqjv1 Lq wkh gdwd zh phdvxuh wklv hqwlw| e| wkh vxp ri oderu hduqlqjv/ soxv d iudfwlrq49
ri exvlqhvv dqg idup lqfrph hduqhg e| doo wkh phpehuv ri wkh krxvhkrog/ doo glylghg e| wkh
qxpehu ri dgxow htxlydohqwv4: lq wkh krxvhkrog1
Zh uvw slfn  wr eh htxdo wr D 1 Wkh wudqvlwlrq pdwul{ ZEe|n￿me| lv frpsxwhg dv
iroorzv1 Iru dq| txduwhu | lq wkh FH[ vdpsoh zh jurxs krxvhkrogv lqwr D uhodwlyh hqgrz0
phqw fodvvhv gholplwhg e| e htxdoo| vsdfhg txlqwlohv ^￿2c|c^ ￿ec|c^ ￿Sc|c^ ￿Hc| Zh wkhq vhdufk iru doo
krxvhkrogv iru zklfk zh kdyh hqgrzphqw revhuydwlrqv dw | dqg |ne+ e| dqg e|ne , dqg frp0
sxwh lq zklfk uhodwlyh fodvv wkh| ehorqj lq shulrg | ne Qrwlfh wkdw khuh wkh fodvv gholplwhuv
ghshqg xsrq wlph wr wdnh dffrxqw ri djjuhjdwh jurzwk1 Zh uhshdw wklv iru hyhu| txduwhu lq
wkh vdpsoh1 Wkhq wkh suredelolw| ri wudqvlwlqj iurp fodvv  wr fodvv  l vj l y h qe |w k hq x p e h u
ri krxvhkrogv wudqvlwlqj iurp  wr c glylghg e| wkh wrwdo qxpehu ri krxvhkrogv vwduwlqj lq
fodvv  iru wkh hqwluh vdpsoh 4<;904<<71
Rqfh ZEe|n￿me| lv frpsxwhg zh vhw e￿cce￿ wr eh htxdo wr wkh phgldq lqfrph iru
hdfk hqgrzphqw fodvv lq 4<<714; Wdeoh 4 dqg 5 vkrz wkh uhvxowv ri wklv h{huflvh1 Qrwh
wkdw wkh vwdwlrqdu| glvwulexwlrq dvvrfldwhg zlwk wkh wudqvlwlrq pdwul{ lv jlyhq e| '
dfHcf2cf2cf2cf2o Iru rxu txdqwlwdwlyh h{huflvhv zh qrupdol}h wkh hqgrzphqw ydoxhv
e￿cce￿ vr wkdw wkh djjuhjdwh suh0wd{ hqgrzphqw
SD
￿’￿ Ee￿e￿ ' 
49Wkh iudfwlrq ri exvlqhvv dqg idup lqfrph zh lpsxwh wr oderu lqfrph lv =;97 dv uhsruwhg lq Gld} Mlphqh}/
Txdgulql/ Ulrv Uxoo +4<<:,1
4:Wkh qxpehu ri dgxow htxlydohqw lv ghqhg dv lq Ghdwrq dqg Sd{rq +4<<7, dv wkh qxpehu ri krxvhkrogv
pheuhv ryhu djh 49 soxv 18 wlphv wkh qxpehu ri phpehuv ehorz djh 49=
4;Zh wdnh wkh dyhudjh ri wkh phgldqv ri wkh irxu txduwhuv lq 4<<71
5;Wdeoh 41 Hqgrzphqw ydoxhv +Udwlr wr 4<<7 phgldq,
e￿ e2 e￿ ee eD
154 195 4 417< 5186
Wdeoh 51 Wudqvlwlrq Pdwul{ +4<;91404<<717,/ +59:7: rev1,
Txlqwloh dw | ne
Txlqwloh dw | 2 eD
 SH 2 fS f f2
2 H DS b fD f2
 fD H DD b fe
e f fD b Sf e
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Ilvfdo srolf|
Wr fkdudfwhul}h wkh vfdo srolf| zh qhhg wr phdvxuh wkh ydoxhv ri Ee￿c' cc
Lq FH[ krxvhkrogv duh dvnhg wr uhsruw ihghudo vwdwh dqg orfdo wd{hv ghgxfwhg iurp wkhlu
odvw sd|fkhfn vhsdudwho| iurp dq| dgglwlrqdo +qrw ghgxfwhg irup sd|fkhfn, ihghudo vwdwh dqg
orfdo wd{hv sdlg1 Vlqfh zh zdqw d phdvxuh ri wd{hv rq oderu hduqlqjv wkh uvw phdvxuh
vhhpv pruh dssursuldwh iru rxu sxusrvhv1 Zh dgg wr wd{hv vrfldo vhfxulw| frqwulexwlrqv dqg
vxewudfw wudqvihuv +zhoiduh/ xqhpsor|phqw frpshqvdwlrq dqg irrg vwdpsv,1 Zh wkhq vhw
Ee￿ htxdo wr wkh udwlr ehwzhhq wkh wrwdo vxp ri ihghudo vwdwh dqg orfdo wd{hv dqg vrfldo
vhfxulw| ghgxfwhg iurp sd|fkhfn/ qhw ri wudqvihuv/ lq wkh 0wk hduqlqjv fodvv dqg wkh wrwdo
oderu lqfrph dv phdvxuhg deryh lq wkh vdph fodvv1 Rqfh wkh wd{ srolf| lv vhw zh fdq frpsxwh
wkh lpsolhg ohyho ri jryhuqphqw vshqglqj +qhw ri wudqvihuv, vxfk wkdw wkh exgjhw lv edodqfhg
lq hyhu| shulrg1 Wkh wd{ srolf| zh zloo xvh lq rxu h{shulphqwv lv wkh dyhudjh ri wkh wd{
srolflhv phdvxuhg lq wkh irxu txduwhuv ri 4<<7 dqg lv uhsruwhg ehorz1
5<Wdeoh 61 Wd{ Udwhv/ 4<<7/ + ;9:< rev1,
Txlqwlohv
 2 eD
Dyhudjh Wd{ Udwhv +(, 0681; ;14 4813 4:16 531<
Wkh jryhuqphqw vshqglqj +qhw ri wudqvihuv, lpsolhg e| wkhvh wd{ udwhv lv htxdo wr
} ' D HI ri wrwdo hqgrzphqw1
Suhihuhqfh sdudphwhuv
Zh fdoleudwh wkh suhihuhqfh sdudphwhuv Ejcq vr wkdw wkh vroxwlrq iru wkh ehqfkpdun
prgho gholyhuv dq lqwhuhvw udwh ri 2DI shu |hdu1 Wklv zdv wkh dyhudjh uhdo uhwxuq rq DDD0
judgh pxqlflsdo erqgv +zlwk 43 |hdu pdwxulw|, ryhu wkh shulrg 4<;904<<71 Zh xvh wkh
lqwhuhvw udwh rq pxqlflsdo erqgv vlqfh uhwxuqv rq wkhvh erqgv duh xvxdoo| wd{0h{hpsw dqg
khqfh pdujlqdo wd{ udwhv iru lqwhuhvw lqfrph qhhg qrw eh vshflhg1
Lq sduwlfxodu zh vhw j htxdo wr 2 dqg wkhq fkrrvh q vr wr pdwfk wkh lqwhuhvw udwh1
Wkh qrq0vwdqgdug sduw ri wklv h{huflvh lv wkdw lq d ghew frqvwudlqhg hfrqrp| iru d jlyhq j
wkhuh pljkw eh pxowlsoh q wkdw gholyhu wkh vdph lqwhuhvw udwh1 Lq jxuhv e dqg D zh vkrz wkh
uhodwlrq ehwzhhq wkh wlph glvfrxqw idfwru dqg wkh lqwhuhvw udwh lq rxu hfrqrp| dqg lq wzr
rwkhu hfrqrplhv1 Wr xqghuvwdqg wkh qrqprqrwrqlf ehkdylru ri wkh uhodwlrq lq wkh hfrqrp|
zlwk ghew frqvwudlqwv uhphpehu wkdw wkh uhdo lqwhuhvw udwh lv jlyhq e| wkh pdujlqdo udwh ri
vxevwlwxwlrq ri dq xqfrqvwudlqhg djhqw/ wkdw lv

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Wkhuh duh wzr fulwlfdo ydoxhv ri wkh wlph glvfrxqw idfwru q Li q:q
￿￿ ' bb wkhq wkh
h!flhqw doorfdwlrq lqyroyhv frpsohwh ulvn vkdulqj ri lglrv|qfudwlf ulvn/ lqglylgxdo frqvxpswlrq
lv frqvwdqw/
￿￿ES|n￿E￿fc+|n￿￿
￿￿ES|E￿fc+|￿￿ lv dozd|v htxdo wr  dqg wkh jurvv lqwhuhvw udwh - htxdov ￿
qc khqfh
lv ghfuhdvlqj lq q Li q	q




+dv dujxhg lv vhfwlrq 81 , dqg djdlq wkh lqwhuhvw udwh lv ghfuhdvlqj lq q Iru q 5 Eq
￿￿|cq
￿￿
wkhuh lv vrph/ exw qrw frpsohwh ulvn vkdulqj1 Dv q pryhv iurp q
￿￿ wr q
￿￿| wkhuh duh wzr
hhfwv rq wkh lqwhuhvw udwh= wkhuh lv d gluhfw hhfw gxh wr wkh ghfuhdvh ri q wkdw udlvhv
63wkh lqwhuhvw udwh dqg wkhuh lv dq lqgluhfw hhfw= orzhu q uhgxfhv srvvleoh ulvn vkdulqj4< dqg
wkhuhiruh 4@ ￿fc+|n￿
￿￿ES|n￿E￿fc+|n￿￿
￿￿ES|E￿fc+|￿￿ whqgv wr lqfuhdvh zlwk d uhgxfwlrq lq q/ dqg wkh lqwhuhvw udwh
lv uhgxfhg1 Dv zh fdq vhh iurp jxuhv 708/ zkhq q lv forvh wr q
￿￿ wkh uvw hhfw grplqdwhv
dqg zkhq q lv forvh wr q
￿￿| wkh vhfrqg hhfw grplqdwhv1 Iurp jxuh e zh vhh wkdw iru d {hg
ydoxh ri j '2wkhuh duh wkuhh srvvleoh ydoxhv ri q Eq ' f2f2cq' f22cq' b.2 frqvlvwhqw
zlwk dq lqwhuhvw udwh ri 2DI 1 Zh zloo glvfxvv wkh dulvlqj doorfdwlrqv iru doo wkuhh fdvhv lq
wkh qh{w vhfwlrq1
Zh vxppdul}h wkh sdudphwhu ydoxhv iru rxu ehqfkpdun hfrqrp| lq wkh wdeoh e
Wdeoh 71 Suhihuhqfh Sdudphwhuv1
Sdudphwhu Ydoxh
q Wlph Glvfrxqw Idfwruv i b.2c f22cf2f2j
j Ulvn Dyhuvlrq 2
:1 Phdvxuhv ri Lqwhuphgldwlrq ri Ulvn
Lq wklv hfrqrp| wkhuh duh wzr zd|v lq zklfk lqglylgxdo frqvxpswlrq fdq eh lvrodwhg
iurp udqgrp  xfwxdwlrqv lq suh0wd{ lqfrph1 Yld wkh wd{ v|vwhp wkh jryhuqphqw fdq uhgxfh
wkh yduldqfh lq diwhu0wd{ lqfrph1 Sulydwh pdunhwv wkhq vhuyh wr lvrodwh sulydwh frqvxpswlrq
iurp  xfwxdwlrqv lq diwhu0wd{ lqfrph1 Zh phdvxuh wkh vwuhqjwk ri erwk ulvn vkdulqj phdqv lq
wkh iroorzlqj zd|1 Zh ghqh dv Wrwdo Lqwhuphgldwlrq EAU ri ulvn wkh udwlr ri furvv0vhfwlrqdo
frqvxpswlrq yduldelolw| wr suh0wd{ lqfrph yduldelolw|/ ru pruh suhflvho|/ dv rqh plqxv wkh





Qrwh wkdw zkhq r|_E*L}ES ' fcAU' > frqvxpswlrq grhv qrw ydu| dw doo dfurvv lqglylgxdov
dqg wkh hfrqrp| h{klelwv frpsohwh ulvn vkdulqj1 Li r|_E*L}ES ' r|_E*L}Ee/ AU 'fdqg
frqvxpswlrq ydulhv dv vwurqjo| dv suh0wd{ hqgrzphqwv1 Wklv lv wkh fdvh li lqglylgxdov olyh lq
4<Krxvhkrogv zlwk kljk lqfrph uhdol}dwlrqv glvfrxqw wkh ixwxuh srvvlelolw| ri kdylqj orz lqfrph yhu| khdylo|
dqg wkhuhiruh odujh wudqvihuv iurp wkhvh djhqwv wr orz0lqfrph djhqwv ylrodwh wkh frqwlqxlqj sduwlflsdwlrq
frqvwudlqwv iru wkhvh djhqwv1
53Zh wdnh orjv wr pdnh wkh vwdqgdug ghyldwlrqv lqghshqghqw ri wkh xqlwv ri phdvxuhphqw1
64frpsohwh dxwdun|/ zlwkrxw dffhvv hyhq wr sxeolfo| dgplqlvwhuhg ulvn vkdulqj1 Iru f 	AU	
wkhuh lv vrph/ exw qrw frpsohwh ulvn vkdulqj/ zlwk kljkhu AU lqglfdwlqj kljkhu ulvn vkdulqj1
Zh fdq ghfrpsrvh AU lqwr wzr frpsrqhqwv uh hfwlqj ulvn lqwhuphgldwlrq hqirufhg
e| wkh jryhuqphqw ECU yld wkh wd{ v|vwhp dqg ulvn lqwhuphgldwlrq dfklhyhg lq dgglwlrq e|









Zkhq r|_E*L}E+ ' r|_E*L}EecC U'f  Diwhu0wd{ lqfrph lv dv yduldeoh dv suh0wd{ lqfrph/
zklfk lv wkh fdvh li wkh wd{ v|vwhp lv sursruwlrqdo1 Li r|_E*L}E+ 	r | _ E*L}EecC U:f
dqg wkh wd{ v|vwhp lv surjuhvvlyh/ zlwk wkh h{wuhph ri frpsohwh uhglvwulexwlrq yld wkh wd{
v|vwhp/ r|_E*L}E+ 'fdqg CU '  Rq wkh rwkhu kdqg/ li r|_E*L}E+ : r|_E*L}EecC U	f
dqg wkh wd{ v|vwhp lv uhjuhvvlyh1 Wkh lqwhusuhwdwlrq ri CU lv vlplodu= li r|_E*L}ES ' fc
U 'fdqg wkhuh lv frpsohwh ulvn vkdulqj dfklhyhg wkurxjk sulydwh pdunhwv1 Li/ rq wkh
kdqg r|_E*L}ES ' r|_E*L}E+c U'fdqg sulydwh pdunhwv gr qrw dfklhyh dq| ulvn vkdulqj
ryhu dqg deryh wkdw dfklhyhg e| wkh wd{ v|vwhp1 Zh fdoo wklv vlwxdwlrq qdqfldo dxwdun|
+lqglylgxdov pd| vwloo ehqhw iurp sxeolfo| surylghg ulvn vkdulqj,1
















' CU nE  CU  U
Khqfh wrwdo lqwhuphgldwlrq ri ulvn htxdov jryhuqphqw lqwhuphgldwlrq ri ulvn soxv sulydwh lq0
whuphgldwlrq ri wkdw sduw ri ulvn wkdw lv qrw douhdg| uhpryhg e| wkh wd{ v|vwhp1 Lq sduwlfxodu/
65xqghu d sursruwlrqdo wd{ v|vwhp CU 'fdqg AU ' U Zh zloo uhsruw wkh phdvxuhv AUcCU
dqg U iru doo rxu srolf| vlpxodwlrqv1
;1 Uhvxowv iru Srolf| H{shulphqwv
Zh frqvlghu wkh iroorzlqj srolf| h{shulphqw= Fkdqjh wkh wd{ v|vwhp iurp wkh sur0
juhvvlyh v|vwhp irxqg lq wkh fdoleudwlrq vhfwlrq wr d sursruwlrqdo v|vwhp +frqvwdqw dyhudjh
wd{ udwhv,/ nhhslqj wkh ohyho ri jryhuqphqw vshqglqj frqvwdqw1 Zh frpsduh wkh vwhdg| vwdwhv
dulvlqj xqghu wkh wzr wd{ v|vwhpv1
Lq wdeohv 80: zh vxppdul}h wkh uhvxowv iurp rxu qxphulfdo h{shulphqwv zlwk wkh edvh0
olqh sdudphwhul}dwlrq1 Wkh frqfhsw ri wkh lqwhuhvw udwh iru wkh hfrqrp| kdv ehhq glvfxvvhg lq
vhfwlrq 81 / wkh frqfhswv ri sulydwh/ jryhuqphqw dqg wrwdo lqwhuphgldwlrq ri ulvn lq wkh suhylrxv
vhfwlrq1 Zh phdvxuh zhoiduh dv iroorzv= zh uvw ghwhuplqh zklfk ri wkh wd{ uhjlphv |lhogv





lqfuhdvh wkh suh0wd{ hqgrzphqw ri hyhu| djhqw e| %I lq wkh wd{ uhjlph zlwk orzhu zhoiduh
dqg uhsruw wkdw % +lq wkh froxpq ri wkh suhihuuhg wd{ uhjlph, iru zklfk h{0dqwh zhoiduh lq
wkh grplqdwlqj wd{ uhjlph frlqflghv zlwk wkdw lq wkh grplqdwhg wd{ uhjlph lq zklfk %I ri
uhvrxufhv kdyh ehhq dgghg1
Iru wkh kljk ydoxh ri q 'f b.2 wkh uhvxow ri rxu srolf| h{shulphqw lv vxppdul}hg lq
Wdeoh 81
Wdeoh 81 q ' b.2 +Kljk Ulvn Vkdulqj,
Wd{ V|vwhp
Yduldeoh Surjuhvvlyh Sursruwlrqdo
Lqwhuhvw udwh -   2DI 2.I
Jryw1 Lqwhuphgldwlrq CU f2 f
Sulydwh Lqwhuphgldwlrq U fbf fbDH
Wrwdo Lqwhuphgldwlrq AU fbee fbDH
H{ Dqwh Zhoiduh nf2I
D vzlwfk iurp d surjuhvvlyh wr d sursruwlrqdo wd{ v|vwhp ohdgv wr d uhgxfwlrq ri
sxeolfo| hqirufhg ulvn vkdulqj iurp f2 wr f +e| qrupdol}dwlrq,1 Exw ulvn vkdulqj dfklhyhg
yld sulydwh duudqjhphqwv lqfuhdvhv zlwk wkh sursruwlrqdo v|vwhp vlqfh wkh ydoxh ri dxwdun|
66idoov dqg khqfh wkh ghew frqvwudlqwv duh uhod{hg1 Wklv hhfw lv vx!flhqwo| vwurqj wr udlvh wrwdo
ulvn vkdulqj zlwk sursruwlrqdo wd{hv ryhu wkh ohyho dfklhyhg zlwk surjuhvvlyh wd{hv1 Wkhuhiruh
h{0dqwh zhoiduh lqfuhdvhv e| f2I zlwk vxfk d wd{ uhirup lq rxu vlpsoh prgho1 Sxw glhuhqwo|/
wkh jryhuqphqw/ lq wu|lqj wr khos krxvhkrogv wr vkduh ulvn e| pdnlqj wkh wd{ v|vwhp pruh
surjuhvvlyh/ dfklhyhv h{dfwo| wkh rssrvlwh 0orzhu ulvn vkdulqj dqg zhoiduh1 Zh zdqw wr vwuhvv
wkdw wklv uhvxow lv rewdlqhg lq d prgho lq zklfk surjuhvvlyh wd{hv gr qrw glvwruw dq| pdujlq
iru wkh oderu0ohlvxuh ghflvlrq1 Dovr qrwh wkdw wkh lqwhuhvw udwh ulvhv zlwk wkh vzlwfk wr wkh
sursruwlrqdo v|vwhp1 Wklv lv gxh wr wkh idfw wkdw sursruwlrqdo wd{hv orzhu wkh ydoxh ri ghidxow/
khqfh uhod{ wkh ghew frqvwudlqwv1 Krxvhkrogv fdq eruurz pruh dqg wkh lqwhuhvw udwh kdv wr
ulvh wr eulqj eruurzlqj dqg ohqglqj edfn lqwr htxloleulxp1
Wkh uhvxowv iurp rxu srolf| h{shulphqw duh gudvwlfdoo| glhuhqw iru wkh fdvh ri orz wlph
glvfrxqw idfwruv54/ dv fdq eh vhhq iurp Wdeohv 9 dqg :1
Wdeoh 91 q ' f22 +Orz Ulvn Vkdulqj,
Wd{ V|vwhp
Yduldeoh Surjuhvvlyh Sursruwlrqdo
Lqwhuhvw udwh -   2DI 2bI
Jryw1 Lqwhuphgldwlrq CU f2 f
Sulydwh Lqwhuphgldwlrq U ff fffH
Wrwdo Lqwhuphgldwlrq AU f2 fffH
H{ Dqwh Zhoiduh nSI
54Rqh pd| dujxh wkdw vxfk orz glvfrxqw idfwruv duh d sulrul xquhdvrqdeoh1 Hyhq li zh djuhh lw lv vwloo
lqvwuxfwlyh wr gr rxu srolf| h{shulphqw iru dq hfrqrp| zkhuh yhu| olwwoh sulydwh ulvn vkdulqj lv hqirufhdeoh1
67Wdeoh :1 q ' f2f2 +Dxwdun|,
Wd{ V|vwhp
Yduldeoh Surjuhvvlyh Sursruwlrqdo
Lqwhuhvw udwh -   2DI 2eI
Jryw1 Lqwhuphgldwlrq CU f2 f
Sulydwh Lqwhuphgldwlrq U f fffH
Wrwdo Lqwhuphgldwlrq AU f2 fffH
H{ Dqwh Zhoiduh n.I
Li djhqwv glvfrxqw wkh ixwxuh yhu| khdylo|/ wkh h{whqw ri ulvn vkdulqj dfklhydeoh zlwk
vhoi0hqirufhdeoh sulydwh frqwudfwv lv yhu| olplwhg/ dv wkh wkuhdw ri ixwxuh h{foxvlrq iurp fuhglw
pdunhwv lv qrw vhyhuh iru yhu| lpsdwlhqw djhqwv1 Zh vhh iurp wkh wdeohv wkdw wkh orz ulvn
vkdulqj doorfdwlrq lv yhu| vlplodu +lq whupv ri sulydwh ulvn vkdulqj, wr wkh dxwdunlf doorfdwlrq
dqg lw lv vljqlfdqwo| glhuhqw iurp wkh kljk ulvn vkdulqj doorfdwlrq1 Wkh hhfw ri wkh wd{
uhirup rq jryhuqphqw lqwhuphgldwhg ulvn vkdulqj lv vlplodu wr wkh fdvh zlwk kljk glvfrxqw
idfwru +e| frqvwuxfwlrq,1 Qrz/ krzhyhu/ sulydwh pdunhwv duh doprvw frpsohwho| lqhhfwlyh
lq surylglqj ulvn vkdulqj iru erwk wd{ v|vwhpv1 Khqfh wrwdo lqwhuphgldwlrq ri ulvn frqvlvwv
+doprvw, h{foxvlyho| ri CU Wklv h{sodlqv wkh odujh zhoiduh orvvhv jrlqj iurp d surjuhvvlyh
wr d sursruwlrqdo v|vwhp1 Djdlq wkh lqwhuhvw udwh ulvhv +wklv wlph yhu| vkduso|, zlwk wkh
sursruwlrqdo v|vwhp1 Frpsdulqj wkh kljk ulvn vkdulqj zlwk wkh orz ulvn vkdulqj fdvh zh
frqfoxgh wkdw zkhq sulydwh pdunhwv duh yhu| hhfwlyh lq surylglqj ulvn vkdulqj frqwudfwv/
wkhq wkh dwwhpsw ri wkh jryhuqphqw wr gr hyhq pruh pd| eh frxqwhusurgxfwlyh1 Li/ rq wkh
rwkhu kdqg/ sulydwh pdunhwv gr qrw zrun ehfdxvh ri lw lv gl!fxow wr hqirufh sulydwh frqwudfwv
wkhq sxeolf ulvn vkdulqj surylghg e| uhglvwulexwlyh wd{dwlrq ohdgv wr srwhqwldoo| odujh zhoiduh
jdlqv155
<1 Ulvn Vkdulqj dv d Ixqfwlrq ri wkh Wd{ V|vwhp
Vr idu zh kdyh irfxvhg rq wzr sduwlfxodu wd{ v|vwhpv/ d surjuhvvlyh v|vwhp ghulyhg
iurp FH[ gdwd dqg d k|srwkhwlfdo sursruwlrqdo wd{ v|vwhp1 Lq wklv vhfwlrq zh vkrz krz
55Wklv vxjjhvwv wkdw hydoxdwlqj wkh ohyho ri ulvn vkdulqj lq dq hfrqrp| fdq eh uhohydqw iru srolf| sxusrvhv1
Wklv/ lq idfw/ prwlydwhv wkh dqdo|vlv lq Nuxhjhu +4<<<,1
68wrwdo ulvn vkdulqj + dqg khqfh djjuhjdwh zhoiduh, hyroyhv zlwk +pdujlqdo, fkdqjhv lq wkh
surjuhvvlylw| ri wkh wd{ v|vwhp lq rxu prgho1 Rxu sdudphwhul}dwlrq lv wkh vdph dv lq vhfwlrq





l1h1 wr d v|vwhp zlwk frqvwdqw pdujlqdo wd{ udwh @ dqg d {hg ghgxfwlrq K Zh hvwlpdwh @
dqg K e| uxqqlqj d uhjuhvvlrq rq rxu yh gdwd srlqwv iru wd{hv ghulyhg iurp FH[ gdwd1 Zh
qg 	 @ 'f 2.c	 K 'f  Wkh fhqwhuhg -2 ri wklv uhjuhvvlrq htxdov d vxusulvlqjo| kljk fbbSc vr






l1h1 e| d frqvwdqw pdujlqdo wd{ udwh ri 2.I dqg d {hg ghgxfwlrq ri I ri phdq lqfrph
+zklfk zh qrupdol}hg wr rqh lq rxu hfrqrp|,1 Wkh lpsolhg ohyho ri jryhuqphqw vshqglqj
htxdov } 'f S22c zklfk lv dssur{lpdwho| wkh vdph ohyho dv wkh rqh xvhg lq wkh suhylrxv
vhfwlrq1 Zh fdq qrz ydu| wkh ghjuhh ri surjuhvvlylw| pdujlqdoo| e| pdujlqdo fkdqjhv lq wkh
{hg ghgxfwlrq Kc zlwk ydu|lqj @ fruuhvsrqglqjo| wr dvvxuh wkdw doo wd{ v|vwhpv jhqhudwh wkh
vdph uhyhqxh157 Qrwh wkdw iru K 'fzh duh edfn lq rxu k|srwkhwlfdo sursruwlrqdo wd{ v|vwhp
iurp wkh odvw vhfwlrq1 Lq jxuh ; zh sorw wrwdo ulvn vkdulqj djdlqvw wkh ghgxfwlrq Kc zkhuh
wrwdo ulvn vkdulqj lv phdvxuhg dv AUZh vhh wkdw frpsohwh ulvn vkdulqj lq wklv hfrqrp| fdq
eh dfklhyhg zlwk wzr udwkhu h{wuhph srolflhv1 Rqh srolf| wkdw reylrxvo| dfklhyhv uvw ehvw lv
56Rqh vkrxog qrwh wkdw zh rqo| kdyh wr w yh gdwd srlqwv1 Dovr/ uhphpehu wkdw rxu frqfhsw ri wd{hv zdv










@ d  e
iru doo wd{ v|vwhpv jhqhudwlqj wkh vdph uhyhqxh1 Zh xvhg wkh idfw wkdw
S8
m@4 +hm,hm @4e| qrupdol}dwlrq
ri phdq lqfrph wr 41
69wr wd{ doo lqfrph glhuhqfhv dzd|/ l1h1 pdnlqj wkh v|vwhp h{wuhpho| surjuhvvlyh dqg htxdol}h
diwhu0wd{ lqfrph ri doo djhqwv1 Wklv lv dfklhyhg e| K 'E }'7 +c@ '  Rqh wkh rwkhu kdqg/
pdnlqj wkh wd{ v|vwhp vx!flhqwo| uhjuhvvlyh pdnhv wkh sxqlvkphqw iurp ghidxow vx!flhqwo|
kduvk wr hqirufh shuihfw ulvn vkdulqj1 Wklv rffxuv iru K	ffHc l1h1 iru d sroo wd{ ri dw ohdvw
HI ri phdq suh0wd{ lqfrph1
Lq ehwzhhq wkhvh h{wuhph fdvhv wkh hhfw rq wrwdo ulvn vkdulqj +dqg khqfh h{0dqwh
zhoiduh, ri d pdujlqdo lqfuhdvh lq wd{ surjuhvvlylw| ghshqgv rq wkh uhodwlyh pdjqlwxghv ri
wkh wzr hhfwv dw zrun= wkh gluhfw hhfw ri uhgxflqj wkh yduldelolw| ri diwhu0wd{ lqfrph dqg
wkh lqgluhfw furzglqj0rxw hhfw1 Iru d {hg ghgxfwlrq ri K	fee wkh furzglqj0rxw hhfw
grplqdwhv dqg pruh surjuhvvlylw| uhgxfhv wrwdo ulvn vkdulqj dqg/ wkhuhiruh/ h{0dqwh zhoiduh1
Wkh h{shulphqw frqvlghuhg lq vhfwlrq ; idoov lqwr wklv fodvv1 Iru K:fee wkh gluhfw hhfw
grplqdwhv dqg pruh surjuhvvlyh wd{hv ohdg wr pruh wrwdo ulvn vkdulqj dprqj lqglylgxdov
dqg d zhoiduh lpsuryhphqw1 Qrwh wkdw wkh zhoiduh glhuhqfh ehwzhhq wkh zruvw wd{ uhjlph
EK 'f ee dqg uvw ehvw dprxqwv wr derxw I ri dyhudjh lqfrph1
431 H{rjhqrxv Lqfrpsohwh Pdunhwv
Lq wklv vhfwlrq zh zdqw wr frqwudvw rxu qglqj zlwk wkh zhoiduh hhfwv ri wkh vdph
uhirup lq d vwdqgdug h{rjhqrxv lqfrpsohwh pdunhwv prgho1 Lq wklv hfrqrp| djhqwv duh rqo|
doorzhg wr wudgh d vlqjoh xqfrqwlqjhqw erqg dqg wkh| idfh dq h{rjhqrxvo| vshflhg frqvwdqw
eruurzlqj olplw1 Wkhuh duh qr hqirufhphqw sureohpv ri sd|phqwv lq wklv hfrqrp|1 Wklv w|sh
ri hfrqrplhv kdv ehhq zlgho| vwxglhg +vhh Kxjjhww +4<<6, dqg Dl|djdul +4<<7, dprqj rwkhuv,
dqg zh frqvlghu dq hfrqrp| vlplodu wr wkh rqh vwxglhg e| Kxjjhww1 Wkh krxvhkrog sureohp
lq uhfxuvlyh irupxodwlrq iru wklv prgho lv +vhh Kxjjhww +4<<6, iru ghwdlov,=












￿ ' + nE no@
zkhuh @ duh kroglqjv ri wkh rqh0shulrg erqg dqg o lv wkh lqwhuhvw udwh rq wkhvh erqgv1
Wr hqdeoh frpsdulvrq zlwk wkh hqgrjhqrxv lqfrpsohwh pdunhwv hfrqrp| zh fdoleudwh
6:wklv hfrqrp| wr wkh vdph revhuydwlrqv1 Lq sduwlfxodu/ wkh hqgrzphqw dqg wd{ surfhvvhv
duh nhsw wkh vdph1 Wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq lv djdlq fkrvhq wr htxdo j '
2 Zh wkhq lghqwli| sdluv ri eruurzlqj olplwv K dqg wlph glvfrxqw idfwruv q vxfk wkdw wkh
htxloleulxp lqwhuhvw udwh lq wklv hfrqrp| htxdov 2DI Wdeoh ; suhvhqwv wkh uhvxowv iru rxu
srolf| h{shulphqwv iru d vhohfwlrq58 ri EKcq
Wdeoh ; Uhvxowv iru H{rjhqrxv Lqfrpsohwh Pdunhwv
K ' cq' HS K '2 cq' b K 'D cq' be K 'H cq'f bD
Yduldeoh Surju1 Surs1 Surju1 Surs1 Surju1 Surs1 Surju1 Surs1
Lqwhuhvw udwh 2DI DI 2DI f 2DI DI 2DI HI
Jryw1 Lqwhup1 CU f2 f f2 f f2 f f2 f
Sulydwh Lqwhup1 U fS f2Df f2. fD ff fe2b fee fee2
Wrwdo Lqwhup1AU fH f2Df fbH fD fe. fe2b feH fee2
H{ Dqwh Zhoiduh nfbI n.bI nDfI neDI
Lq wklv hfrqrp| d vzlwfk iurp d surjuhvvlyh wr d sursruwlrqdo wd{ v|vwhp lqgxfhv
+odujh, zhoiduh orvvhv1 Uhglvwulexwlyh wd{hv dfw dv d sduwldo vxevwlwxwh iru sulydwh lqvxudqfh
pdunhwv wkdw duh h{rjhqrxvo| dvvxphg wr eh plvvlqj1 Uhprylqj wklv sduwldo vxevwlwxwh iru
sulydwh pdunhwv ohdgv wr qhjdwlyh zhoiduh frqvhtxhqfhv1 Wklv lv wuxh uhjdugohvv ri krz kljk
wkh eruurzlqj olplw lv vshflhg1 Lq frqwudvw wr wkh hqgrjhqrxv lqfrpsohwh pdunhwv prgho d
wd{ uhirup grhv qrw +e| dvvxpswlrq, fkdqjh wkh dvvhwv wkdw fdq eh wudghg qru wkh h{whqw wr
zklfk wkh| fdq eh wudghg1 Wkhuhiruh wkh furzglqj0rxw hhfw wkdw zdv fuxfldo lq wkh suhylrxv
vhfwlrq fdqqrw rffxu lq wklv hfrqrp|1
Dqrwkhu lpsruwdqw glhuhqfh ehwzhhq wklv hfrqrp| dqg wkh rqh dqdo|}hg suhylrxvo|
lv wkh lpsdfw wkdw wkh fkdqjh lq wd{ v|vwhp kdv rq wkh lqwhuhvw udwh1 Lq wkh ghew0frqvwudlqhg
hfrqrp| d vkliw iurp surjuhvvlyh wr sursruwlrqdo wd{hv fdxvhv dq lqfuhdvh lq wkh lqwhuhvw
udwh zkloh lq wkh hfrqrp| zlwk h{rjhqrxv lqfrpsohwh pdunhwv lqwhuhvw idoov lq uhvsrqvh wr
58Wkhuh lv d olplw dv wr krz qhjdwlyh rqh fdq fkrvh e= Wklv olplw lv jlyhq e| wkh frqvwudlqw wkdw djhqwv zlwk
| @ |plq dqg d @ e fdq dwwdlq qrqqhjdwlyh frqvxpswlrq e| vhwwlqj d3 @ e dw wkh htxloleulxp lqwhuhvw udwh
+iru erwk wd{ v|vwhpv,1 Wklv olplw rq e wxuqv rxw eh dssur{lpdwho| htxdo wr ;=
6;wkh fkdqjh lq wkh wd{ v|vwhp1 Wkh lqwxlwlrq iru wklv uhvxow lv dv iroorzv= wkh fkdqjh lq wd{hv
lqfuhdvhv wkh yrodwlolw| ri wkh lqfrph surfhvv1 Wklv/ e| pdnlqj dxwdun| ohvv dwwudfwlyh/ uhod{hv
wkh eruurzlqj frqvwudlqwv idfhg e| wkh djhqwv lq wkh ghew0frqvwudlqw hfrqrp|1 Vlqfh djhqwv
eruurz pruh/ wkh lqwhuhvw udwh kdv wr ulvh wr fohdu wkh fuhglw pdunhwv1 Lq wkh h{rjhqrxv
lqfrpsohwh pdunhwv/ rq wkh rwkhu kdqg/ djhqwv/ idflqj kljkhu yrodwlolw| ri rxwsxw/ lqfuhdvh
wkhlu suhfdxwlrqdu| vdylqj1 Vlqfh wkhlu eruurzlqj olplw lv xqdhfwhg qrz d ghfolqh lq wkh
htxloleulxp lqwhuhvw udwh lv qhhghg wr fohdu wkh fuhglw pdunhw1
441 Frqfoxvlrqv
Zh kdyh suhvhqwhg d prgho wkdw kljkoljkwv d qhz fkdqqho wkurxjk zklfk glhuhqw
wd{dwlrq vfkhphv fdq dhfw sulydwh qdqfldo pdunhwv1 Dowkrxjk lq rxu prgho wd{hv gr qrw
gluhfwo| dhfw oderu0ohlvxuh dqg zhdowk dffxpxodwlrq ghflvlrqv wkh| dhfw wkh ixqfwlrqlqj
ri sulydwh qdqfldo pdunhwv e| fkdqjlqj wkh lqfhqwlyhv wr ghidxow rq sulydwh frqwudfwv1 Zh
kdyh vkrzq wkdw zkhq sulydwh lqvxudqfh pdunhwv duh dfwlyh/ ulvn vkdulqj surylghg wkurxjk
wd{hv furzgv rxw sulydwh ulvn vkdulqj1 Lq rughu wr jdlq vrph lqvljkwv lqwr wkh pdjqlwxgh ri
wklv hhfw zh fdoleudwh rxu yhu| vlpsoh prgho wr XV lqfrph dqg wd{ gdwd vr wkdw zh fdq
txdqwli| wkh hhfwv ri fkdqjhv lq wkh surjuhvvlylw| ri wd{dwlrq1 Rxu h{shulphqwv lqglfdwh
wkdw wkh pdjqlwxgh ri wkh furzglqj rxw fdq ydu| d juhdw ghdo1 Lq sduwlfxodu/ zh qg wkdw wklv
pdjqlwxgh ghshqgv rq wkh ohyho ri ulvn vkdulqj wkdw lv dfklhyhg yld sulydwh frqwudfwv1 Zkhq
ulvn vkdulqj surylghg e| sulydwh pdunhwv lv orz/ furzglqj rxw lv vpdoo dqg uhglvwulexwlrq
wkurxjk wd{hv lv zhoiduh lpsurylqj/ zkloh lq kljk ulvn vkdulqj uhjlphv uhglvwulexwlrq wkurxjk
wd{hv furzgv rxw sulydwh qdqfldo pdunhwv pruh wkdq rqh wr rqh/ dqg wkhuhiruh lv zhoiduh
uhgxflqj1
Lq frqwudvw/ li sulydwh lqvxudqfh pdunhwv duh dvvxphg wr eh plvvlqj iru uhdvrqv h{rjh0
qrxv iurp wkh prgho/ dv lq d vwdqgdug h{rjhqrxv lqfrpsohwh pdunhwv prgho/ d wd{ uhirup
wkdw uhgxfhv wkh yduldqfh ri diwhu0wd{ lqfrph vhuyhv dv d sduwldo vxevwlwxwh iru sulydwh lqvxu0
dqfh pdunhwv dqg ohdgv wr xqdpeljxrxv zhoiduh jdlqv1 Wklv/ wr xv/ ghprqvwudwhv wkdw zkhq
dqdo|}lqj d wd{ srolf| uhirup lw lv lpsruwdqw wr wdnh lqwr dffrxqw wkh lqwhudfwlrq ehwzhhq
wkh wd{ srolf| dqg wkh ixqfwlrqlqj ri sulydwh lqvxudqfh pdunhwv1
Ilqdoo|/ zh zrxog olnh wr vwuhvv wkdw rxu dqdo|vlv irfxvhv rqo| rq d sduwlfxodu/ vr idu
6<odujho| ljqruhg/ fkdqqho wkurxjk zklfk wkh wd{ v|vwhp dhfwv zhoiduh1 E| wu|lqj wr lvrodwh wklv
fkdqqho zh qhfhvvdulo| kdyh wr devwudfw iurp pdq| ihdwxuhv wkdw d pruh frpsohwh glvfxvvlrq
ri srwhqwldo wd{ uhirupv vkrxog lqfrusrudwh1
73Uhihuhqfhv
^4` Dl|djdul/ U1 +4<<7,= Xqlqvxuhg Lglrv|qfudwlf Ulvn dqg Djjuhjdwh Vdylqj/ Txduwhuo|
Mrxuqdo ri Hfrqrplfv/ 43</ 98<09;71
^5` Doyduh}/ I1 dqg X1 Mhupdqq +4<<;d,= Dvvhw Sulflqj zkhq Ulvn Vkdulqj lv Olplwhg e|
Ghidxow/ plphr1
^6` Doyduh}/ I1 dqg X1 Mhupdqq +4<<;e,= Txdqwlwdwlyh Lpsolfdwlrqv iru Dvvhw Sulflqj zkhq
Ulvn Vkdulqj lv Olplwhg e| Ghidxow/ plphr1
^7` Dwnhvrq/ D1 dqg U1 Oxfdv +4<<5,= Rq H!flhqw Glvwulexwlrq zlwk Sulydwh Lqirupdwlrq/
Uhylhz ri Hfrqrplf Vwxglhv/ 8</ 75:0786
^8` Dwnhvrq/ D1 dqg U1 Oxfdv +4<<8,= H!flhqf| dqg Htxdolw| lq d Vlpsoh Prgho ri H!flhqw
Xqhpsor|phqw Lqvxudqfh/ Mrxuqdo ri Hfrqrplf Wkhru|/ 99/ 970;;1
^9` Dwwdqdvlr/ R1 dqg V1 Gdylv +4<<9,= Uhodwlyh Zdjh Pryhphqwv dqg wkh Glvwulexwlrq ri
Frqvxpswlrq/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ 437/ 455:045951
^:` Dwwdqdvlr/ R1 dqg Y1 Ulrv0Uxoo +4<<<,= Frqvxpswlrq Vprrwklqj dqg H{whqghg Idpl0
olhv= Wkh Uroh ri Jryhuqphqw Vsrqvruhg Lqvxudqfh/ plphr/ Xqlyhuvlw| ri Shqqv|oydqld1
^;` Eduvn|/ U1/ J1 Pdqnlz dqg V1 ]hoghv +4<;9,= Ulfdugldq Frqvxphuv zlwk Nh|qhvldq
Surshuwlhv/ Dphulfdq Hfrqrplf Uhylhz/ :9/ 9:909<41
^<` Ehzoh|/ W1 +4<;9,= Vwdwlrqdu| Prqhwdu| Htxloleulxp zlwk d Frqwlqxxp ri Lqghshq0
ghqwo| Ioxfwxdwlqj Frqvxphuv/ lq Frqwulexwlrqv wr Pdwkhpdwlfdo Hfrqrplfv lq Krqru
ri Jhudug Gheuhx/ hglwhg e| Z1 Kloghqeudqg dqg D1 Pdv0Frohoo/ Dpvwhugdp= Qruwk
Kroodqg1
^43` Fkdq/ O1 +4<;6,= Xqfhuwdlqw| dqg wkh Qhxwudolw| ri Jryhuqphqw Ilqdqflqj Srolf|/
Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 44/ 68406:51
^44` Froh/ K1 dqg Q1 Nrfkhuodnrwd +4<<;,= H!flhqw Doorfdwlrqv Zlwk Klgghq Lqfrph dqg
Klgghq Vwrudjh/ Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv/ Vwd Uhsruw 56;1
74^45` Frfkudqh/ M1 +4<<4,= D Vlpsoh Whvw ri Frqvxpswlrq Lqvxudqfh/ Mrxuqdo ri Srolwlfdo
Hfrqrp|/ <:/<8:0<:9
^46` Frohpdq/ M1 +4<<3,= Vroylqj wkh Vwrfkdvwlf Jurzwk Prgho e| Srolf| Ixqfwlrq Lwhud0
wlrq/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ ;/ 5:05<1
^47` Frqvwdqwlqlghv/ J1 dqg G1 Gx!h +4<<9,= Dvvhw Sulflqj zlwk Khwhurjhqhrxv Frq0
vxphuv/ Mrxuqdo ri Srolwlfdo Hfrqrp|/4 3 7 /5 4 < 0 5 7 3 1
^48` Ghdwrq/ D1 dqg F1 Sd{rq +4<<7,= Lqwhuwhpsrudo Fkrlfh dqg Lqhtxdolw|/ Mrxuqdo ri
Srolwlfdo Hfrqrp|/ 435/ 76:079:1
^49` Gðd}0Jlpìqh}/ M1/ Y1Txdgulql dqg M1Y1 Uðrv0Uxoo +4<<:,= Glphqvlrqv ri Lqhtxdolw|=
Idfwv rq wkh X1V1 Glvwulexwlrqv ri Hduqlqjv/ Lqfrph/ dqg Zhdowk/ Ihghudo Uhvhuyh Edqn
ri Plqqhdsrolv Txduwhuo| Uhylhz/ 54/ 6054
^4:` Juhhq H1 +4<;:,/ Ohqglqj dqg wkh Vprrwklqj ri Xqlqvxudeoh Lqfrph/ lq H1 Suhvfrww
dqg Q1 Zdoodfh +hgv1,/ Frqwudfwxdo Duudqjhphqwv iru Lqwhuwhpsrudo Wudgh/ Xqlyhuvlw|
ri Plqqhvrwd Suhvv/ Plqqhdsrolv1
^4;` Kd|dvkl/ I1 / M1 Dowrqml/ dqg O1 Nrwolnr +4<<9,= Ulvn Vkdulqj Ehwzhhq dqg Zlwklq
Idplolhv/ Hfrqrphwulfd/ 97/ 59405<71
^4<` Kxjjhww/ P1 +4<<6,= Wkh Ulvn0Iuhh Udwh lq Khwhurjhqhrxv0Djhqw Lqfrpsohwh0Lqvxudqfh
Hfrqrplhv/ Mrxuqdo ri hfrqrplf G|qdplfv dqg Frqwuro/ 4:/ <860<9<1
^53` Nhkrh/ W1 dqg G1 Ohylqh +4<<6,= Ghew Frqvwudlqhg Dvvhw Pdunhwv/ Uhylhz ri Hfr0
qrplf Vwxglhv/ 93/ ;980;;;1
^54` Nhkrh/ W1 dqg G1 Ohylqh +4<<;,= Lqfrpsohwh Pdunhwv yhuvxv Ghew Frqvwudlqhg Pdu0
nhwv/ plphr1
^55` Nlpedoo/ P1 dqg J1 Pdqnlz +4<;<,= Suhfdxwlrqdu| Vdylqj dqg wkh Wlplqj ri Wd{hv/
Mrxuqdo ri Srolwlfdo Hfrqrp|/ <:/ ;960;:<1
^56` Nrfkhuodnrwd/ Q1 +4<<9,= Lpsolfdwlrqv ri H!flhqw Ulvn Vkdulqj zlwkrxw Frpplwphqw/
Uhylhz ri Hfrqrplf Vwxglhv/ 96/ 8<8093<1
75^57` Nuxhjhu/ G1 +4<<;,= Ulvn Vkdulqj zlwk Lqfrpsohwh Pdunhwv/ plphr1
^58` Pdfh/ E1 +4<<4,= Ixoo Lqvxudqfh lq wkh Suhvhqfh ri Djjuhjdwh Xqfhuwdlqw|/Mrxuqdo ri
Srolwlfdo Hfrqrp|/ <</ <5;0<891
^59` Phkud/ U1 dqg H1 Suhvfrww +4<;8,=  Wkh Htxlw| Suhplxp= D Sx}}oh/ Mrxuqdo ri
Prqhwdu| Hfrqrplfv/ 48/ 47804941
^5:` Oxvdugl/ D1 +4<<9,= Shupdqhqw Lqfrph/ Fxuuhqw Lqfrph dqg Frqvxpswlrq= Hylghqfh
Iurp Wzr Sdqho Gdwd Vhwv/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplfv Vwdwlvwlfv/ 47/ ;40<3
^5;` Qhovrq/ M1 +4<<7,= Rq Whvwlqj iru Ixoo Lqvxudqfh Xvlqj Frqvxphu H{shqglwxuh Vxuyh|
Gdwd/Mrxuqdo ri Srolwlfdo Hfrqrp|/ 435/ 6;706<71b
^5<` Vwrnh|/ Q1 dqg U1 Oxfdv / zlwk H1 Suhvfrww +4<;<,= Uhfxuvlyh Phwkrgv lq Hfrqrplf
G|qdplfv/ Kduydug Xqlyhuvlw| Suhvv/ Fdpeulgjh1
^63` Vwruhvohwwhq/ N1/ F1 Whophu dqg D1 \durq +4<<;,= Shuvlvwhqw Lglrv|qfudwlf Vkrfnv dqg
Lqfrpsohwh Pdunhwv/ plphr1
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Real Interest Rate = 2.5%
Iljxuh 7=









































Average 1994 Tax Rates (Computed from CEX data)





















Risk Sharing as a Function of Progressivity of the Tax System



























Surri ri Wkhruhp 41=
Wr vkrz h!flhqf| zh uvw qhhg wr vkrz wkdw i|Efc+ |j lv frqvwudlqhg ihdvleoh zlwk
uhvshfw wr xf E| dvvxpswlrq wkh doorfdwlrq vdwlvhv ihdvlelolw| +htxdwlrq 9, dqg vlqfh lw vroyhv
 dovr vdwlvhv 8/ 9/ dqg : Lw lv wkhuhiruh frqvwudlqhg ihdvleoh1 Qrz zh qhhg wr vkrz wkdw
wkhuh grhv qrw h{lvw dqrwkhu doorfdwlrq i	 |Efc+ |j"
|’f wkdw lv frqvwudlqhg ihdvleoh zlwk uhvshfw












|m+f_xf iru vrph |
+D4,














































zkhuh wkh ohiw kdqg vlgh ri htxdwlrq D5 lv qlwh591 Lqwhjudwlqj erwk vlghv ri D5 zlwk uhvshfw


































































59Wklv lv jxdudqwhhg vlqfh zh fdq dozd|v slfn d frqvwdqw kw+z3>|w, @ pd{+z3>pd{| Y Dxw+|,,= V x f kds r o l f |
vdwlvhv doo wkh frqvwudlqwv ri FSS dqg vlqfh pd{+z3>pd{| Y Dxw+|,, 5 G dqg frqglwlrq 61 lq Wkhruhp 4 lv
vdwlvhg wkh ydoxh ri wkh plqlpl}dwlrq sureohp lv qlwh1






























: f dqg vxpplqj ryhu doo | zh rewdlq D6/ exw zlwk
wkh lqhtxdolw| uhyhuvhg dqg vwulfw/ d frqwudglfwlrq
Surri ri Ohppd 41=
Iru hyhu| Ec+ 5  wkh remhfwlyh ixqfwlrq lq 4< lv frqwlqxrxv lq c}+￿ dqg wkh
frqvwudlqw vhw lv frpsdfw dqg qrq0hpsw|> wkhuhiruh wkh plqlpxp h{lvwv1 T lv erxqghg dqg
vlqfh Ec+    7 Ec+ / E lv erxqghg dv zhoo1 Lw iroorzv wkdw A-T lv d erxqghg
ixqfwlrq1 Wkh idfw wkdw A-T lv frqwlqxrxv iroorzv iurp wkh Wkhruhp ri wkh pd{lpxp +qrwh
wkdw wkh frqvwudlqw vhw lv frqwlqxrxv lq ,1 Lw lv dovr hdv| wr vkrz wkdw vlqfh -: wkh
rshudwru A- vdwlvhv wkh k|srwkhvhv ri Eodfnzhoo*v wkhruhp dqg wkxv lv d frqwudfwlrq zlwk
prgxoxv ￿
-
Surri ri Ohppd 51=
Iru wkh uvw sduw zh qrwh wkdw E +wrjhwkhu zlwk wkh vxs0qrup, lv d frpsohwh phwulf
vsdfh dqg wkdw wkh vhw ri erxqghg frqwlqxrxv qrqghfuhdvlqj +lq lwv uvw dujxphqw, ixqfwlrqv
rq c ￿E￿c lv d forvhg vxevhw ri E dqg wkdw wkh vhw ri erxqghg frqwlqxrxv vwulfwo|
lqfuhdvlqj ixqfwlrqvc ￿￿Ec vdwlvhv ￿￿E  ￿E E| Ohppd 41 A- lv d frqwudfwlrq
pdsslqj1 Khqfh e| Fruroodu| 4 ri Vwrnh| hw do1/ s1 85/ lw lv vx!flhqw wr vkrz wkdw/ zkhqhyhu
T- 5 ￿E/w k h qA-T- 5 ￿￿E1 Il{ c 	  zlwk   		   7 1 Z hq h h gw rv k r zw k d w
EA-T-E 	 EA-T-E	  Ohw 	 c 	 }+￿ eh wkh rswlpdo fkrlfhv iru 	  Wkh fkrlfhv }+￿ '	 }+￿ dqg


























85Wr suryh wkdw T- lv frqyh{ zh qrwh wkdw wkh vhw ri erxqghg frqwlqxrxv frqyh{
ixqfwlrqv/ ￿￿￿E l vdf o r v h gv x e v h wr iE1 Djdlq e| Fruroodu| 4 ri Vwrnh| hw do1/ s1
85/ lw lv vx!flhqw wr vkrz wkdw li T- 5 ￿￿￿Ec wkhq EA-T- lv frqyh{ lq lwv uvw du0
jxphqw1 Vr zh kdyh wr vkrz wkdw iru doo c 	  5  zlwk  9'	 c dqg doo b 5 Efcc
EA-T Eb nEb	   bEA-T EnEbEA-T E 	  Ohw 	 c	 }+ eh wkh rswlpdo fkrlfhv iru
	  dqg c}+ eh wkh rswlpdo fkrlfhv iru  dqg ghqh b ' bnEb	 c }b
+ ' b}+ nEb	 }+
Vlqfh bc} b
+ duh ihdvleoh iru Eb nE  b	 c+c dqg





























￿EbT E}+￿nE  bT E	 }+￿
' bEA-T-EnE  bEA-T-E	  +D9,
e| frqyh{lw| ri T lq lwv uvw dujxphqw dqg vwulfw frqyh{lw| ri 
Zh zdqw wr vkrz wkdw wkh {hg srlqw ri A-cT clv vwulfwo| frqyh{ rq 1 Zh nqrz wkdw
T lv frqyh{/ frqwlqxrxv dqg vwulfwo| lqfuhdvlqj1 Wkhvh idfwv lpso| wkdw T lv glhuhqwldeoh
doprvw hyhu|zkhuh rq  dqg wkdw iru wkh frxqwdeoh qxpehu ri srlqwv dw zklfk T lv qrw
glhuhqwldeoh/ uljkw kdqg ghulydwlyhv T ￿
n dqg ohiw kdqg ghulydwlyhv T ￿
3 h{lvw +dowkrxjk qhhg
qrw frlqflgh,1
Qrz vxssrvh wkdw T lv qrw vwulfwo| frqyh{ rq  Wkhq wkhuh h{lvwv dq lqwhuydo U  



























iru vrph @:f Khqfh wkhuh h{lvwv 7 + vxfk wkdw L￿￿|E7 +  }7 +E 	} 7 +E￿ Iurp wkh uvw rughu











E| frqyh{lw| ri T dqg wkh idfw wkdw }7 +E 	} 7 +E￿ lw iroorzv wkdw
@q-  T
￿




Khqfh T lv olqhdu rq U￿ 'E }7 +Ec}7 +E￿   zlwk vorsh @} 	 @ Uhshdwlqj wkh deryh
dujxphqw rqh vkrzv wkdw wkhuh h{lvwv lqwhuydo UE?￿ vxfk wkdw T lv olqhdu rq UE?￿ zlwk vorsh
@}?c iru doo ?:
Qrz ohw _ ' -3￿
-E￿3q￿￿EE : f dqg slfn ? vxfk wkdw @}? 	_ Wkhq iru doo  5 UE?￿c












Wkhuhiruh E 	 Ec zklfk lv lpsrvvleoh1 Khqfh T fdqqrw frqwdlq d olqhdu vhjphqw rq

Surri ri Ohppd 61=
Wkh idfw wkdw A-T lv vwulfwo| lqfuhdvlqj dqg vwulfwo| frqyh{ iroorzv iurp wkh surshuwlhv
ri T Wkh fkrlfh yduldeohv  dqg }+￿ duh frqvwudlqhg wr olh lq frpsdfw dqg frqyh{ lqwhuydov/
dqg e| dvvxpswlrq wkh remhfwlyh ixqfwlrq lv vwulfwo| frqyh{1 Khqfh wkh plqlpl}huv duh xqltxh1
Vlqfh wkh frqvwudlqw vhw lv frqwlqxrxv lq c wkh wkhruhp ri wkh pd{lpxp dssolhv dqg A-T lv
frqwlqxrxv dqg Ec} +￿E duh xsshu khplfrqwlqxrxv fruuhvsrqghqfhv1 Vlqfh Ec} +￿E
duh ixqfwlrqv/ wkh| duh frqwlqxrxv
87Surri ri Ohppd 71=
Frqvlghu wkh iroorzlqj vhtxhqfh ri ixqfwlrqv iT ?j"
?’f/ ghqhg uhfxuvlyho| dv=
T







E ; 5 
Iurp fruroodu| 41 zh nqrz wkdw wklv vhtxhqfh frqyhujhv xqlirupo| wr wkh xqltxh {hg srlqw
T- ri A- Dovr Ohppd 61 dvvxuhv wkdw hdfk T ? lv frqwlqxrxv/ vwulfwo| lqfuhdvlqj dqg vwulfwo|
frqyh{ +dv e| dvvxpswlrq  srvvhvvhv wkhvh surshuwlhv, dqg wkdw wkh dvvrfldwhg srolflhv ?E
dqg }?
+￿E duh frqwlqxrxv ixqfwlrqv1 Iurp 57 zh kdyh +dv  lv frqwlqxrxvo| glhuhqwldeoh e|
dvvxpswlrq, wkdw hdfk T ? lv glhuhqwldeoh dqg wkdw wklv ghulydwlyh lv frqwlqxrxv/ vlqfh ?3￿E
lv d frqwlqxrxv ixqfwlrq1 Qrz zh zloo hvwdeolvk wkdw T- lv frqwlqxrxvo| glhuhqwldeoh1
Iurp Ohppdv 61/ 51 dqg fruroodu| 41 zh nqrz wkdw hdfk T ? dv zhoo dv T- duh vwulfwo|
frqyh{ dqg frqwlqxrxv dqg wkdw wkh vhtxhqfh iT ?j"
?’f frqyhujhv wr T- xqlirupo|1 Dovr 






frqyhujh xqlirupo| wr wkh rswlpdo srolflhv dvvrfldwhg zlwk T-c -E dqg }-
+￿Ec uhvshfwlyho|1
Wkhuhiruh iurp 57 EA-T ?
￿ frqyhujhv wr
E-3￿￿
-E￿3q￿￿E-E xqlirupo|1 Vlqfh iT ?j"
?’f frqyhujhv








Surri ri Ohppd 81=
Zh zdqw wr vkrz wkdw iru doo   		   7 c E 	 E	  Vxssrvh/ wr wkh frqwudu|/




iru doo +￿ vxfk wkdw }+￿E	  :L ￿￿|E+￿c dqg khqfh L￿￿|E+￿ 	} +￿E	   }+￿E iru doo wkrvh +￿ e|
88vwulfw frqyh{lw| ri T Exw wkhq iurp wkh surplvh nhhslqj frqvwudlqw wkhuh pxvw h{lvw 7 +￿ vxfk
wkdw }7 +￿E 	} 7 +￿E	 'L￿￿|E7 +￿c d ylrodwlrq ri wkh ghew frqvwudlqw1 Zh rewdlq d frqwudglfwlrq
wr wkh dvvxpswlrq wkdw Ec+ : E	 c+
Surri ri Ohppd 91=
Djdlq ohw   		   7  Xqghu wkh dvvxpswlrqv pdgh  lv vwulfwo| lqfuhdvlqj lq 




dqg iurp wkh vwulfw frqyh{lw| ri T lw iroorzv wkdw }+￿E	  :} +￿E Reylrxvo|/ li }+￿E'
L￿￿|E+￿ wkhq }+￿E	   }+￿Ec l1h1 hlwkhu }+￿E	  :} +￿E ru }+￿E'}+￿E	 'L￿￿|E+￿
Surri ri Ohppd ;1=
Iurp Ohppdv 51 dqg 71T- lv vwulfwo| frqyh{ dqg glhuhqwldeoh1 E| dvvxpswlrq }+￿E :






q zh kdyh T ￿E :T￿E}+￿Ec dqg e| vwulfw frqyh{lw| ri T- wkh uvw uhvxow iroorzv1
Khqfh }+￿E duh dozd|v vwulfwo| ehorz wkh eDf olqh lq wkhlu vwulfwo| lqfuhdvlqj sduw1 Rq wkh
rwkhu kdqg }+￿E  L￿￿|E+￿ iru doo  Khqfh iru 	L ￿￿|E+￿c} +￿E'L￿￿|E+￿ : 
E| frqwlqxlw| ri }+￿Ec} +￿EL￿￿|E+￿ ' L￿￿|E+￿ dqg iurp wkh uvw uhvxow }+￿E 	iru doo
:L ￿￿|E+￿
Surri ri Wkhruhp 51=
Wdnh 7  '4 @   + L￿￿|E+n0c iru 0:f duelwudulo| vpdoo1 Li }+￿E :L ￿￿|E+￿c wkhq
wkh suhylrxv Ohppd |lhogv wkh uhvxow1 Li }+￿E'L￿￿|E+￿c wkhq }+￿E'L￿￿|E+￿ 
4@ + L￿￿|E+ 	 7 
89Surri ri Wkhruhp 61=
Iru dq| doorfdwlrq j ' i|Efc+|j"
|’f ghqh
L|Efc+




























E| wkhruhp 716 lq Vwrnh| hw do1 +wkh dvvxpswlrq ri zklfk duh vdwlvhg dv E  fc

































| E+|  |Efc+
|  7  doo |   +D44d,
f  L
￿￿|
f E+f jlyhq +D44e,
E| wkhruhp 717 dqg 718 +zklfk duh dssolfdeoh dv T- lv erxqghg rq ` dqg wkh vhtxhqfh
i	 |Efc+ |j
"




|’￿ ghqhg deryh xqltxho| dwwdlqv wkh plqlpxp ri wkh deryh sureohp1 Lq rughu wr
dujxh wkdw i	 |Efc+|j"
|’f vroyhv FSS zh kdyh wr vkrz wkdw dq| doorfdwlrq i|Efc+|j"
|’f wr0
jhwkhu zlwk vrph i|Efc+ |j"
|’￿ vdwlvhv D43 dqg D44d li dqg rqo| li i|Efc+ |j"
|’f vdwlvhv
8:8/ 9 dqg :/ l1h1 li
f ' LfEfc+ fcj +D45d,
L
￿￿|
| E+|  L|Efc+








Vwhs 4= Slfn dq| doorfdwlrq j ' i|Efc+ |j"
|’f wkdw vdwlvhv D45d wr D45f1 Gh0
qh |Efc+|'L|Efc+|cj Lw lv lpphgldwh iurp D45e wkdw D44d lv vdwlvhg1 Iurp wkh
ghqlwlrq ri L|Efc+|cj lw iroorzv wkdw D43 lv vdwlvhg dv zhoo1
Vwhs 5= Slfn dq| doorfdwlrq j ' i|Efc+|j"
|’f dqg i|Efc+ |j"
|’￿ wkdw vdwlvhv D43
dqg D44d1 Vlqfh iru doo |c |Efc+ |  7  iurp D44d/ e| xvlqj D43 zh vhh wkdw wkh doorfdwlrq


















































Wklv lqhtxdolw| lv ydolg iru doo | dqg doo r Wdnlqj olplw zlwk uhvshfw wr r |lhogv +e| D45f dqg
D44d, wkdw |Efc+|'L|Efc+ |cj iru doo | Khqfh D43 lpsolhv wkdw










' LfEfc+ fcj +D47,
dqg khqfh D45d lv vdwlvhg1 Iru |   D45e lv reylrxvo| vdwlvhg/ dqg lw lv vdwlvhg iru | 'f
e| wkh dvvxpswlrq wkdw f  L￿￿|
| E+|
Wklv suryhv wkdw wkh doorfdwlrq frqvwuxfwhg iurp wkh srolflhv ri wkh ixqfwlrqdo htxdwlrq
vroyhv wkh frpsrqhqw sodqqlqj sureohp zlwk wkh dgglwlrqdo frqvwudlqw L|Efc+ |cj  7  E|
8;Wkhruhp 51 	 |Efc+ | 	 7  dqg khqfh/ dv 	 |Efc+ |'L|Efc+ |c 	 jc wkh frqvwudlqw lv qhyhu
elqglqj1 Vlqfh wkh frqvwudlqw vhw dvvrfldwhg zlwk wkh FSS lv frqyh{/ wklv lpsolhv wkdw wkh
doorfdwlrq 	 j lqghhg vroyhv wkh ruljlqdo frpsrqhqw sodqqlqj sureohp iru frqvwdqw lqwhuhvw
udwhv1
Surri ri Ohppd <1=
Vxssrvh }+4@ E :L ￿￿|E+4@  iru doo  5 c : L￿￿|E+4@  Wkhq e| Ohppd :1
}+￿E'}+4@ Ec iru doo +￿ 5 t dqg :L ￿￿|E+4@  E| frqwlqxlw| ri }+￿ dqg Ohppd ;1/
}+￿EL￿￿|E+4@  ' L￿￿|E+4@ c iru doo +￿ 5 tExw vlqfh L￿￿|E+4@  :L ￿￿|E+￿ iru doo +￿ 9' +4@ c
e| Ohppd ;1 }+￿EL￿￿|E+4@  	L ￿￿|E+4@  iru doo +￿ 9' +4@ c d frqwudglfwlrq
Surri ri Wkhruhp 71=
Wkh surri lv dq dssolfdwlrq ri Vwrnh| hw do1/ wkhruhp 441451 Zh kdyh wr suryh wkdw
wkhuh h{lvwv dq 0:f dqg dq    vxfk wkdw iru doo vhwv EEc\ 5E E` SEt c hlwkhu
'￿EEc+cEc\  0 ru '￿EEc+cEEc\￿  0c iru doo Ec+ 5 E`c t  I r uw k l vl wl vv x ! 0
flhqw wr suryh wkdw wkhuh h{lvwv dq 0:f dqg dq    vxfk wkdw iru doo Ec+ 5 E`c t c
'￿EEc+cL￿￿|E+4@ c+ 4@   0 Li W  7  wklv lv lpphgldwh/ dv iru doo Ec+ 5 E`c t c
'EEc+cL￿￿|E+4@ c+ 4@   ZE+4@ c vlqfh }+4@ E'L￿￿|E+4@  iru doo  5 `
Vxssrvh W 	 7  Ghqh
_ '4  ?
￿Md￿Wc 7 ￿o
  }+4@ E
Qrwh wkdw _ lv zhoo0ghqhg dv }+4@  lv d frqwlqxrxv ixqfwlrq dqg wkdw _:f iurp Ohppd ;11
Ghqh
 '4  ?i? 5 m7   ?_  
Wj
dqg 0 ' ZE+4@ ￿ Zh zloo vkrz wkdw iru  dqg 0 vr ghqhg wkh uhvxow iroorzv1 Vxssrvh dq
lqglylgxdo uhfhlyhv +4@  iru  wlphv lq d urz/ dq hyhqw wkdw rffxuv zlwk suredelolw| 0 Iru
Ec+ vxfk wkdw   W wkh uhvxow lv lpphgldwh dv iru wkrvh c}+4@ E'L￿￿|E+4@ 
dqg }+4@ EL￿￿|E+4@  ' L￿￿|E+4@  Iru dq|  5 EWc 7 o zh kdyh }+4@ E    _c
8<}+4@ E}+4@ E    2_c dqg vr rq1 Wkhq wkh uhvxow iroorzv e| frqvwuxfwlrq ri  dqg
0
Surri ri Ohppd 431=
zh kdyh wr vkrz wkdw
*4
?<"mmT-?  T-mm 'f
zkhuh mmT-?  T-mm 't  T d￿c 7 ￿o mT-?  T-m E| wkh wuldqjoh lqhtxdolw|












Iru wkh vhfrqg whup lq wkh vxp zh qrwh wkdw
mmA
?














Khuh wkh uvw lqhtxdolw| djdlq iroorzv iurp wkh wuldqjoh lqhtxdolw| dqg wkh vhfrqg iurp wkh






















mmA-?T-  A-T-mm +D4:,
93zkhuh zh xvhg wkh idfw wkdw T- lv wkh xqltxh {hg srlqw ri A- Khqfh *4?<" mmA ?
-?T-T-mm '
f li dqg rqo| li *4?<"mmA-?T-  A-T-mm 'f c l1h1 li wkh rshudwru A-? lv frqwlqxrxv lq -?
Wr vhh wkdw A-? lv lq idfw frqwlqxrxv lq -? frqvlghu wkh iroorzlqj dujxphqw= iru duelwudu|
	  5 dc 7 o e| wkh wkhruhp ri wkh pd{lpxp
*4
?<"
mA-?T-E	   A-T-E	 m 'f
Vlqfh dc 7 o lv d frpsdfw vhw dqg A-?T-cA -T- duh frqwlqxrxv ixqfwlrqv lq c zh kdyh
*4
?<" 4@ 
￿ ￿Md￿c 7 ￿o
mA-?T-E	   A-T-E	 m '*  4
?<"mmA-?T-  A-T-mm 'f
Khqfh erwk whupv rq wkh uljkw kdqg vlgh ri D48 frqyhujh wr f/ zklfk suryhv wkh uhvxow
Surri ri Ohppd 441=
Zh kdyh wr vkrz wkdw iru hdfk 0:f wkhuh h{lvwv E0 vxfk wkdw iru doo ?  E0c
m}
-?
+￿ E?  }
-
+￿Em 	0
Zh qrwh wkdw e| wkh wuldqjoh lqhtxdolw|
m}
-?











Vlqfh wkh ixqfwlrq }-
+￿ lv frqwlqxrxv/ iru hdfk 0￿ : f wkhuh h{lvwv E0￿ vxfk wkdw m}-
+￿E? 
}-
+￿Em 	0 ￿ iru doo ?  E0￿ E| Ohppd 51 T- dv zhoo T-? duh vwulfwo| frqyh{/ iru hdfk
? 5  Dovr iT-?j
"
?’f frqyhujhv xqlirupo| wr T- e| Ohppd 431 rq wkh frpsdfw vhw dc 7 o
Wkhq e| wkhruhp 61;/ Vwrnh| hw do1 +4<;<,/ iru hdfk 02 : f wkhuh h{lvwv E02 vxfk wkdw
m}
-?
+￿ E  }-
+￿Em 	0 2 iru doo 6  E02 dqg doo  5 dc 7 o Vr { 0:f dqg fkrrvh
940￿ ' 02 ' 0
2 dqg E0 ' 4@ iE0￿cE02j Wkhq iru doo ?  
m}
-?










+￿Em 	0 2 n 0￿ ' 0
Surri ri Wkhruhp 81=
Frqvlghu d vhtxhqfh i-?j
"
?’f zlwk -? 5 Ec ￿
q frqyhujlqj wr - 5 Ec ￿
q Zlwk hdfk
-? dqg zlwk - wkhuh lv dvvrfldwhg dq rshudwru A W
-? dqg AW
-c uhvshfwlyho|1 E| Wkhruhp 71
wkhuh h{lvw d xqltxh vhtxhqfh ri suredelolw| phdvxuhv ix-?j
"
?’f vxfk wkdw x-? ' A W
-?x-?
dqg d xqltxh x- vxfk wkdw x- ' A W




Iluvw/ wkh vwdwh vsdfh dc 7 o  t lv frpsdfw1 Qrz frqvlghu wkh vhtxhqfh ri wudqvlwlrq
ixqfwlrqv i'-?j
"
?’f dvvrfldwhg zlwk i-?j
"
?’f  Iru dq| vhtxhqfh i?j
"
?’f lq dc 7 o frqyhujlqj
wr  5 dc 7 oc iru doo +￿ 5 tc }
-?
+￿ E? frqyhujhv wr }+￿E e| Ohppd 4411 Qrz frqvlghu wkh vh0
txhqfh ri suredelolw| phdvxuhv i'-?EE?c+cj
"
?’f dqg wkh suredelolw| phdvxuh '-EEc+c





wkhq wkh vhtxhqfh '-?EE?c+c frqyhujhv zhdno| wr '-EEc+c e| wkhruhp 4516/ Vwrnh|
hw do1 Khuh Y ghqrwh wkh erxqgdu| ri c l1h11 wkh vhw ri srlqwv wkdw duh olplw srlqwv ri  dv
zhoo dv ￿ Wdnh dq duelwudu| vxfk vhw  E| ghqlwlrq ri '-c iru doo ￿ vxfk wkdw }-
+￿E'￿
iru vrph +￿ 5 tc zh kdyh wkdw ￿ lv lq wkh lqwhulru ri +rwkhuzlvh '-EEc+cY : f Exw
wkhq/ vlqfh }
-?
+￿ E? frqyhujhv wr }+￿Ec' -?EE?c+c''-EEc+c iru ? vx!flhqwo|
elj1 Khqfh D4; lv vdwlvhg dqg wkh vhtxhqfh '-?EE?c+c frqyhujhv zhdno| wr '-EEc+c
Wklv uhvxow hqdeohv xv wr dsso| wkhruhp 45146 ri Vwrnh| hw do1 wr frqfoxgh wkdw wkh
vhtxhqfh ix-?j
"
?’f frqyhujhv zhdno| wr x- E| Ohppd 431 iT-?j
"
?’f frqyhujhv xqlirupo| wr
95T- Wr vkrz frqwlqxlw| ri _E zh qrwh wkdw
































e| wkh wuldqjoh lqhtxdolw|1 Wkh uvw whup frqyhujhv wr }hur +dv ? $4  dv iT-?j
"
?’f frqyhujhv
xqlirupo| wr T-c wkh vhfrqg whup frqyhujhv wr }hur dv ix-?j
"
?’f frqyhujhv zhdno| wr x- dqg
T- lv d frqwlqxrxv dqg erxqghg ixqfwlrq
Surri ri Ohppd 451=
Ohw -: 	 - Zh zdqw wr vkrz wkdw -E  
￿ -E dqg }-
+￿E  }
￿ -
+￿Ec iru doo +￿ 5 t
dqg doo  5 dc 7 o Ghqh wkh vhtxhqfh iT ?j
"
?’￿ e| T ? 'E A ￿ -
? T- Qrwh wkdw dv T- lv vwulfwo|
frqyh{ dqg glhuhqwldeoh +e| wkh dujxphqw lq wkh surri wr Ohppd 71,/ vr duh doo T ? +e| wkh
dujxphqw lq wkh surri wr Ohppd 71,1 Ohw E?c}?




































	 -  
+D56,
iru doo +￿ 5 t dqg doo  5 dc 7 o Vlqfh iT ?j
"






?’￿ frqyhujh xqlirupo| wr E
￿ -c}
￿ -




+￿E +dqg wkh rwkhu wzr uhodwlrqv dovr krog iru ? uhsodfhg zlwk 	 -
Vwhs 4= Ohw ? 'dqg {  5 dc 7 o
Vxssrvh/ wr rewdlq d frqwudglfwlrq/ wkdw wkhuh h{lvwv +￿ vxfk wkdw }￿
+￿E :} -
+￿E 

























+￿E dqg khqfh +dv -: 	 -c ￿E : -E
Iurp wkh surplvh nhhslqj frqvwudlqw wkhuh pxvw h{lvw 7 +￿ vxfk wkdw }-
7 +￿E :} ￿
7 +￿E  L￿￿|E7 +￿





















7 +￿E 	} ￿
7 +￿Ec d frqwudglfwlrq1 Khqfh }￿
+￿E  }-
+￿Ec iru doo +￿ 5 t Wkhq
iurp wkh surplvh nhhslqj frqvwudlqw ￿E  -E Wkh hqyhorsh frqglwlrqv duh
ET ￿
￿ E
	 -  
'
￿E￿E















Vwhs 5= Vxssrvh wkdw D54 wr D56 duh wuxh iru ?   Zh zdqw wr vkrz wkdw D54 wr
D56 duh wuxh iru ? Djdlq vxssrvh/ wr rewdlq d frqwudglfwlrq/ wkdw wkhuh h{lvwv +￿ vxfk wkdw
}?
+￿E :} -





















Vlqfh T- dqg T ?3￿ duh frqyh{/ }?
+￿E :} -
+￿E dqg D56 krogv iru ?  c zh kdyh wkdw
?E : -E Djdlq e| wkh surplvh nhhslqj frqvwudlqwv wkhuh h{lvwv 7 +￿ vxfk wkdw }-
7 +￿E :
97}?























d frqwudglfwlrq1 Lw iroorzv wkdw iru doo +￿ 5 tc }?
+￿E  }-
+￿E Iurp surplvh nhhslqj zh kdyh






Surri ri Ohppd 461=
Ghqh wkh vhtxhqfh ri phdvxuhv ix?j
"





x- Zh vkdoo suryh e|
lqgxfwlrq wkdw iru hdfk ?  c dqg hdfk + 5 tc x
+
- vwrfkdvwlfdoo| grplqdwhv x+
? Vlqfh e|
Wkhruhp 71 ix?j frqyhujhv wr x ￿ - lq wrwdo yduldwlrq qrup/ wkh uhvxow wkhq iroorzv1
Lw zloo eh frqyhqlhqw wr ghqh wkh glvwulexwlrq ixqfwlrq dvvrfldwhg zlwk dq| suredelolw|
phdvxuh x+
?c8 +
? G ` $ dfcoc dv 8+
?E'x +
?Edco 'x ?Edcoci+j*ZE+ Vlqfh wkh




? lw lv vx!flhqw wr suryh wkdw iru doo  5 `c 8
+
-E  8 +
?E
Vwhs 4= Ohw ? '
E| ghqlwlrq x￿ ' A W
￿ -x- zkhuhdv x- ' A W



























zkhuh wkh lqhtxdolw| lv gxh wr wkh idfw wkdw }-
+ E  }
￿ -
+ Ec iru doo  5 `




?3￿Ec iru doo  5 `c doo + 5 t Zh zdqw wr vkrz wkdw




















zkhuh ? G' 4@ i 5 `m}
￿ -
+ E  j Qrwh wkdw wkh odvw htxdolw| uhtxluhv }
￿ -
+ wr eh lqfuhdvlqj
lq  dv vkrzq lq Ohppd 91 Frqwlqxlw| ri }
￿ -





7 +Mt ZE7 +8
7 +
-E- zlwk - G' 4@ i 5 `m}-
+ E  j Ohppd 451 lpsolhv wkdw







-E  8 +
?E
Surri ri Wkhruhp 91=






Vlqfh iru doo -c
U
+_x- lv d frqvwdqw/ zh irfxv rq wkh dqdo|vlv ri wkh uvw sduw ri wkh h{fhvv
































































T ￿ -E_x ￿ -
E| wkh suhylrxv ohppd iru doo + 5 tcx
+
- vwrfkdvwlfdoo| grplqdwhv x
+
￿ -c dqg vlqfh T ￿ - lv vwulfwo|
lqfuhdvlqj lw iroorzv +xvlqj D63 wkdw
]
T ￿ -E_x- 
]
T ￿ -E_x ￿ -
+D67,






zh duh grqh1 Ghqh wkh vhtxhqfh iT ?j"
?’￿ e| T ? 'E A ￿ -
? T- Zh zloo suryh e| lqgxfwlrq






9:Vlqfh wkh vhtxhqfh iT ?j"
?’￿ frqyhujhv xqlirupo| wr T ￿ - +e| fruroodu| 41,/ wklv suryhv D681
Ohw i?c}?
+￿j"
?’￿ eh wkh rswlpdo srolflhv dvvrfldwhg zlwk iT ?j"
?’￿ dqg E-c} -
+￿ eh wkh
rswlpdo fkrlfhv dvvrfldwhg zlwk T-
Vwhs 4= Ohw ? ' 

































+￿ duh wkh plqlpl}lqj fkrlfhv dvvrfldwhg zlwk T ￿ Lqwhjudwlqj zlwk uhvshfw wr x-




























































T ?3￿E_x- Zh zdqw wr vkrz wkdw wkh vdph lv




































































































zkhuh wkh odvw lqhtxdolw| xvhv wkh lqgxfwlrq k|srwkhvlv
Surri ri Wkhruhp :1
Lw lv reylrxv wkdw wkh doorfdwlrq vdwlvhv wkh uhvrxufh frqvwudlqw 66 vlqfh wkh h!flhqw do0
orfdwlrq e| frqvwuxfwlrq vdwlvhv wkh uhvrxufh frqvwudlqw/ dqg Xf lv ghulyhg iurp xf Dovr wkh
doorfdwlrq vdwlvhv wkh frqwlqxlqj sduwlflsdwlrq frqvwudlqwv/ dqg/ e| frqvwuxfwlrq ri @fEfc+ fc
wkh exgjhw frqvwudlqw1 Vr lw uhpdlqv wr eh vkrzq wkdw/ iru doprvw doo E@fc+ f/ iS|E@fc+ |j lv
xwlolw| pd{lpl}lqj dprqj wkh doorfdwlrqv vdwlvi|lqj wkh exgjhw dqg wkh frqwlqxlqj sduwlflsd0
wlrq frqvwudlqwv1
Wkh surri lv lq wzr vwhsv1 Zh uvw vkrz wkdw wkh uvw rughu frqglwlrqv 67 duh vx!flhqw




























|E  qE+r +D74,
Vxssrvh wkhuh h{lvw Odjudqjh pxowlsolhuv bE@fc+ fci>E@fc+|jf wkdw mrlqwo| zlwk iS|E@fc+ |j















Qrz vxssrvh wkdw wkhuh lv d frqvxpswlrq doorfdwlrq iru lqglylgxdov ri w|sh E@fc+ fc i	 S|E@fc+ |jc
wkdw vdwlvhv 64 dqg 65/ dqg wkdw grplqdwhv iS|E@fc+|jc l1h1 	 LE@fc+ f :L E@fc+ fc zkhuh
:3	 LE@fc+ f lv ghqhg dqdorjrxvo| wr D731 Wkhq



























































































































d frqwudglfwlrq1 Wkh vhyhudo vwhsv lq wkh dujxphqw duh mxvwlhg dv iroorzv= D76 lv e| ghqlwlrq/
D77 zloo eh suryhg ehorz/ D78 iroorzv iurp vwulfw frqfdylw| ri wkh xwlolw| ixqfwlrq/ D79 iroorzv
iurp 67/ D7: iurp wkh exgjhw frqvwudlqw dqg wkh idfw wkdw  lv vwulfwo| lqfuhdvlqj dqg sulfhv
duh vwulfwo| srvlwlyh/ dqg qdoo| D7; iroorzv iurp wkh exgjhw frqvwudlqw1 Khqfh wkhuh grhv
qrw h{lvw d frqvxpswlrq doorfdwlrq i	 S|E@fc+ |jc wkdw vdwlvhv 64 dqg 65/ dqg wkdw grplqdwhv
iS|E@fc+ |j













Li LE@fc+ | :L ￿￿|E+|c wkhq iurp D75 lw iroorzv wkdw >E@fc+ |'f c vr wkdw D7< lv vdwlvhg1
Li LE@fc+|'L￿￿|E+|c wkhq 	 LE@fc+|  LE@fc+| dqg >E@fc+ |  fc dqg djdlq D7< krogv1
Qrz
	 LE@fc+ f  LE@fc+ f
 E n >E@fc+ f

	 LE@fc+ f  LE@fc+ f
























'E  n >E@fc+ f  E  q















 E n >E@fc+ f  E  q


































































	 LE@fc+ f  LE@fc+ f





















































































































Zlwkrxw orvv ri jhqhudolw| zh fdq vxp rqo| ryhu wkrvh hohphqwv iru zklfk E	 SrE@fc+r : f























zkhuh zh xvhg wkh idfwv wkdw li zh fdq vkrz wkdw iS|E@fc+ |j lv erxqghg lv erxqghg deryh
e|/ vd| 7 Sc dqg wkdw q	 ￿










Vlqfh wkh xwlolw| ixqfwlrq vdwlvhv wkh LQDGD frqglwlrqv/ wkhuh h{lvwv SW : f vxfk wkdw










































dqg zh duh grqh1
Vwhs 51 Zh zdqw wr vkrz wkdw wkhuh h{lvw Odjudqjh pxowlsolhuv bE@fc+ fci>E@fc+ |jf wkdw/
wrjhwkhu zlwk wkh frqvxpswlrq doorfdwlrq iS|E@fc+ |j vdwlvhv wkh uvw rughu frqglwlrqv1 Gh0
qh
>E@fc+ f'f










| ￿ ES|E@fc+ |




zlwk htxdolw| li wkh olplwhg hqirufhphqw frqvwudlqw lv qrw elqglqj lq frqwlqjhqf| +|n￿ Khqfh
>E@fc+ |n￿  fc dqg >E@fc+ |n￿'fli wkh frqvwudlqw lv qrw elqglqj1 Reylrxvo| wkh doorfdwlrq
:7dqg pxowlsolhuv vdwlvi| 67
:8D61 Wkh Frpsxwdwlrqdo Surfhgxuh
Lq wklv vxevhfwlrq zh ghvfuleh krz/ iru d sdudphwulf fodvv ri rxu hfrqrp|/ zh frpsxwh
d frqvwdqw -/ srolf| uxohv -Ec+c}-
+￿Ec+ dqg d glvwulexwlrq ryhu xwlolw| hqwlwohphqwv dqg
hqgrzphqw vkrfnv /x- dv ghvfulehg lq wkh odvw vhfwlrq1
Rxu frpsxwdwlrqdo phwkrg lv dq lpsohphqwdwlrq ri wkh srolf| ixqfwlrq lwhudwlrq dojr0
ulwkp sursrvhg e| Frohpdq +4<<3,1 Iru d {hg - zh vhdufk iru wkh rswlpdo srolflhv }+￿Ec+
dqg Ec+ zlwklq wkh fodvv ri slhfhzlvh0olqhdu ixqfwlrqv lq  1 Zh vwduw e| vshfli|lqj d &
srlqw julg C ' ifcc&j( dqg e| jxhvvlqj wkh ydoxhv ri d ixqfwlrq T ￿
fEc rq C  t 1
Qrwlfh wkdw wklv ghqhv d ixqfwlrq slhfhzlvh olqhdu lq  i r ud { h g+ Iru d jlyhq c+ 5 Ct








' li }+￿Ec+ :L
￿￿|E+
￿






wr vroyh iru vroyh nhtxdwlrqv5: iru wkh nrswlpdo srolflhv }f
+￿Ec+ dqg fEc+1 Qrwlfh
wkdw }f
+￿Ec+ dqg fEc+ duh qrw frqvwudlqhg wr olh lq C Fduu|lqj rxw wklv surfhgxuh iru
doo c+ 5 C  t ghqhv }f
+￿Ec dqg fEc wkdw duh slhfhzlvh olqhdu ixqfwlrqv lq 









wr xsgdwh rxu jxhvv ri T ￿ dqg uhshdw wkh surfhgxuh xqwlo frqyhujhqfh ri }?
+￿Ecc ?Ec
dqg T ￿
?Ec+ lv dfklhyhg1 Wklv |lhogv srolf| ixqfwlrqv wkdw duh slhfhzlvh olqhdu lq 
5:Qrwh wkdw zkhqhyhu wkh uvw rughu frqglwlrq grhv qrw krog zlwk htxdolw| zh nqrz wkdw j|3+z>|,@XDxw+|3,
dqg zh fdq gurs wkh uvw rughu frqglwlrq iru wkh vshflf |3 dv wkh qxpehu ri xqnqrzqv lv uhgxfhg e| 4=
:9Wr frpsxwh wkh vwdwlrqdu| mrlqw phdvxuh ryhu Ec+ zh surfhhg dv iroorzv= iru d jlyhq
Ec+ zh qg ,
+￿Ec+c ￿
+￿Ec+ dqg k+￿Ec+ vxfk wkdw
 ,
+￿Ec+'4 @   i 5 Cm  }+￿Ec+j
 ￿
+￿Ec+'4  ? i 5 Cm:} +￿Ec+j
 k+￿Ec+ vroyhv k+￿Ec+,
+￿Ec+nE  k+￿Ec+￿
+￿Ec+'}+￿Ec+





A A A ?
A A A =
ZE+￿m+k+￿Ec+ li ￿ ' ,
+￿Ec+
ZE+￿m+E  k+￿Ec+ li ￿ ' ￿
+￿Ec+
f hovh




iru xc zkhuh x kdv glphqvlrq g   dqg xEc+ jlyhv wkh vwhdg| vwdwh suredelolw| ri ehlqj
lq vwdwh Ec+ Lq wklv zd| zh fdq qg/ iru d jlyhq - 5 Ec ￿
qc x-c -Ec+ dqg }-
+￿Ec+






dqg xvh d Qhzwrq surfhgxuh wr qg - vxfk wkdw _E-'f  Wklv frpsohwhv wkh frpsxwdwlrq
ri -cx- dqg dq doorfdwlrq lqgxfhg e| wkh srolflhv -Ec+ dqg }-
+￿Ec+ wkdw vdwlvi| wkh
k|srwkhvhv ri wkhruhp 41
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